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Heun’s differential equation

d2y o) e \dy afz — q
dz?2 z—1+z—t) +z(z—1)(z t)

with the condition

y+o+e=a+ 6+ 1.

Four singularities {0, 1,¢,00}.

(04

T hree singularities: Hypergeometric equation
d?y a+ﬁ—7+1)dy+ af3
dz?2 z—1 2(z—1)
which has been studied very well.

y = 0,

2+ (2+

It is much harder to study Heun’s equation.
Known solutions of Heun’s equation

Heun polynomial (Quasi-exact solvability)
Heun function (Approximation)

Algebraic solutions (Finite monodromy)
Finite-gap integration

We now change variables.



Elliptic functions

o(x) 1 Weierstrass elliptic function.

1
p(z) = ) + Z
T (m,n)EZXZ\{(0,0)}

1 1
((a: — 2mwy — 2nws)? a (2mwq + 2nw3)2> '
Double-periodicity:
p(z) = p(z + 2w1) = p(z + 2w3s).

Set wr = —wy — w3, ¢; = p(w;) (1 =1,2,3).
Half periods: O(= wq), w1, wo, w3.

Relations:

e1+e>»+e3 =0,

(0'(2))% = 4(p(x) — e1)(p(z) — e2)(p(x) — e3),
p”(z) B 1 3 1

o'(2)2 2 2

=1 @(m) T e’l:’

o(r+w1) =e1 + (e1 —e2)(e1 —e3)
@(x) — €1

, etc.



Elliptic representation
Heun's differential equation

d2y ) € dy affz — q
dz? z—1+z—t> +z(z—1)(z—t)

q . aCCessory parameter.

=0,

+(Z+

By setting
_ p(z) —ey ,_€e3—el
es —e1 ex —e1
~ - —lg —l —lo
yP(z) = f(x), P(z)=22((=-1)2(=2—-t)2,

Heun's equation is transformed to

2
( i s+ Zl(l +1)Ka(w+wz)) f(z) =Ef(z).

da: =0
Correspondence
0wy, 1leowy teows, 00 wy(=0),
lo=08—-a—1/2, 11=—v+1/2,lo=—-6+1/2,
E=—-4q(ex —e1) + (%), I3 = —c+1/2.

Thecaseli =lo=Il3=0(y=0d=e=1/2):
Lamé’s differential equation



2

(o l1lals) — _j_ n Z L+ Dl + w;).
ZC

Finite-gap integratlon is applicable for the
case lp,l1,lo,l3 € Z, all eigenvalues E.

= Monodromy formulas by hyperelliptic in-
tegral, Hermite-Krichever Ansatz.

Set
d2

Hy =——5+6p(@), lo =21 =Il=13=0)
d2

Hy = ———5 + 2p(x) + 2p(z 4+ w1) + 2p(z + w2),

(lo—l1—12—1, I3 =0).

It is shown that monodromy formulas
for Hq coincide with the ones for H>.

We explain this phenomera by Darboux trans-
formation.



Moreover, we establish that eigenfunctions of

d2
T g2 + 21(2] + 1) p(x)

with eigenvalue E is isomonodromic to the
ones of

2
_ ddaz—Q + 10+ Do) + 11+ Dp(z + wi)

+ I+ 1)p(x +w2) + (I — 1ip(x + w3)

by generalized Darboux transformation.



Darboux transformation

Set
d2
H=——5+q()
and assume that qbo(a:) satisfies
Hgo(z) = Eggo(x).
Then q(z) = ¢g(x)/¢o(x) + Eg. Set

d_¢h(®) s d_ @

dr  ¢o(z)’ - dr ¢o(z)
We have

o d _%(az)) (d _%(az))
o (daz 20(@) ) \dz ~ do(z)

:__ $p() ¢g<x>>2
i <¢o<x>> +(30

= H — Eo,
T:_oﬁ_<¢g<x>>’ (%(@)2
M= T so@) T @)

o ¢>’o<:c>>’_
= H 2<¢O($) Ep.



Set

S N %(w))’
= dm2+q<>+2(¢o(w) |

then

H=L'L+E;, H=LL + Eo,

LH=LL'L+ EyL = AL,
L'H=LLL + EgL' = HL'.
If f(x) is an eigenfunction of H with the

eigenvalue F, then Lf(x) is an eigenfunction
of H with the eigenvalue E, because

H(Lf(2)) = LHf(z) = L(Ef(z)) = E(Lf(2)).

dz — ¢o(x)
nihilates the 1-dimensional space C¢g(x).

/
Note that the operator L <= d %(x)) an-



Generalized Darboux transtf.

d2
H=-" 4@

U: n-dimensional space of functions

d\" n d n—1
L === . el
(dw) T z; i(x) (dw)
is the operator that annihilates any elements
in U, i.e., Lf(x) =0 for all f(z) € U. Set

. d2
H=——5+q(z) + 21 ().

Proposition 1. <C.f. Crum 1955 )

Aoyama, Sato, Tanaka 2001
If the space U is invariant under the action

of H, then we have

HIL = LH.

We call L Crum-Darboux transformation (the
generalized Darboux transformation).

The case n=1. / / /
U = Coo(x), L= L2 2 () =2 (L)) |

dz  ¢o(x) ¢o(x)
We reproduce Darboux transformation.



Quasi-solvability of Heun’s equa-
tion
d2 3
HUoll2l3) = — 5+ > L+ Dp(e + w;).
L i=0
Proposition 2. (Quasi-solvability)
a;j=—l;orli+1(1=0,1,2,3),d= -7 5;/2.
Assume d € Z~o.
Let Vg ay,a0,05 b€ the d+1-dimensional space
spanned by

(BoNer), . where

D(2) = (2 — e1)M/2(z — €3)2/2(z — e3)3/2.
Then the operator H(0:1:12,13) preserves the
space Vag,aq,a,a3-

Proposition 3. Write the minimal annihila-
tion operator Lag,aq,a0,a03 OF Vag,aq,a0,a3 @S

4\ d+1 dil d N\ d+1—i
LO&O,OA]_,O{Q,(X:S — <_) _I_ C'L(:E) <_) .
dx =1 dx
T hen
d+1 (3 2a;,+4d )\ ,
ci(z) = ——— o' (x),
4 (z; p(x) — e

andc;(x) (i=1,...,d+1) are doubly-periodic.



Crum-Darboux transformation
for Heun’s equation

Theorem 4.

a, = —l; orl;,+ 1 (’L = 0,1,2,3),

d= -3 oa;/2. Assume d € Zxo.

Let Lag,aq,00,03 b€ the operator defined in
Proposition 3. Then we have

glaotd,oq +d,a2+d,a3+d)Lao7
g o)l1,l2,03)

a1,02,03

— LOéo,Oé]_,Cl{Q,CV3

Proof. It follows from Proposition 1 that
(H(lo,l1,l2,l3) + 2, (2))Lag.a1.a0.03
— Lao,al,ag,a3H(lO’l1’l2’l3)-
It is shown that

glolul203) 4 o () = H(@otd.artd.aztd.az+d)
H

If d = 0 (the case of Darboux transforma-
tion), then the theorem was essentially ob-
tained by Khare and Sukhatme (2005).



Monodromy

f1(x, E), fo(x,E): a basis of solutions to
(H(l07l17l27l3) — E')f(aj) — O

f1(z + 2w, E), fo(x + 2wy, E) (k= 1,3) are
also solutions to the differential equation, and

(f]_(aj‘—l—ka,E) fQ(m_I_kavE))
RO
= (1@ B) fola. ) ( L 92 ) |

@21 @22
Set ﬁ(w,E) — Lao,al,ag,a:),fi(CU,E) (i = 1,2).
Then
I{(Oéo_l_daal_I_daQQ_I_d7043_|_d)']'[';(x7 E) — Eﬁ(w) E)
Since Lag,aq,a0,a5 1S dOubly-periodic, we have

(fi(x 4+ 2w, E) folz 4 2wy, E))
_ _ RORRO
= (f1(z, E) fo(x, E)) ( %kl) %,% ) .

a1 @55
Proposition 5. The monodromy structure of

Ho)l1,02,03) coincides with the one of
i (aot+d,ar1+d,ar+d,az+d)

Namely, the operator Lag,aq,a5,a5 defines an

isomonodromic transformation from H (lo;11,/2,13)
to H(aot+d,a1+d,ax+d,az+d)



Example
Thecaselp =2l (I €Z>1), I1 =1y =13 =0.

Set apg = —2l, ] = Qo = 1, a3 = 0.
Thend= —(ag+---+a3)/2=1-1.
H(—l—1,1,1,1—1)L_2l71’170
= L_py,1,1,0H 009,
H(—l—l,l,l,l—l) — H(l,l,l,l—l).

H(21,0,0,0) is isomonodromic to HGLLI=1)

If /=1, then d =0,

Vb ) Vb Rl

and the operator L_5 1 1 IS written as

. _d_ ¢@ ¢'(2)

-2,1,1,0 = - — - :
dr  2(p(z) —e1) 2(p(z) —e2)

Hence Hq = —jx—22—|—6p(a:) is isomonodromic to

Hy = — L 4+ 20(2) +2p(z +w1) +2p(z+wo).



Application to finite-gap integra-
tion

A feature of finite-gap integration:
Existence of an differential operator A s.t.
[A,H] =0 (H = —d?/dz? 4+ v(z)) and

deg(A4) is odd.

(< the potential v(x) satisfies stationary higher
order KdV equation)

Theorem 6.

If lg,l1,10,l3 € Z, then we can construct an
odd-order differential operator A such that
(A, H(0:11,12,13)] = 0 by composing four Crum-
Darboux transformations.

Iflop=2,11 =1l =13 =0, then

~

A=1L>_1_10l1,—210L02-1-1L-20,0,0-



Integral transformation of Heun'’s
equation

Middle convolution for 2 x2 Fuchsian system with four
singularities {0, 1,¢, 00}

dY _ (Ao | A Ay _ y1(2)>
dz_(z—l_z—l—l_,z—t)y7 Y_<y2(z> '

= Integral transformation of 2 x 2 Fuchsian system
with four singularities {0,1,t,00} (T. JMAA 2008).

= Integral transformation of Heun's equation (T. SIGMA
2009).

But it was already established by Kazakov and Slavyanov
(1996) by another method.

Theorem 7. ([KS1996]) Set
{p-—C-a)H{p-2-8}=0,v=~v+p—-1,
=04+p—1 é=€e+pn—-1,

CY/:,LL, 6/:2M+a+ﬁ_37
¢ =q+Q—p)e+dt+ (v—p)(E+1)).
Let y(w) be a solution to

d2y ) € dy afw —q
dw2+(w+w—1+ )dw+w(w—1)(w—t)

Then the functions (i € {0,1,t,00})

y(z) = /[ _] y(w)(z — w) Hdw

are solutions to

d2~ ,7/ 5 ¢ dg a’ﬁ’z . q/
= 0.
dz2+(z+z—1+z—t> +z(z—1)(z—t)y

y = 0.




Elliptic representation of integral
transformation

o(x): Weierstrass sigma function,.

oi(x) (1 = 1,2,3): Weierstrass co-sigma function which
has a zero at z = w;.

Let ap € {—lp,lo+ 1} and set

oot h+b+iz+3 , —acth+il+iz+1

- y 'O — )
2 2

,:—ao—|—l1—l2—l3—1 ,:—ao—l1+l2—l3—1

1 2 y U2 2 ’

,  —ag—l—l+Iz—1

3T 2

Proposition 8. If f(x) is a solution of

2
( i +Zz<z+1>p<az+wz>— >f<a:>=o,

dax?

then the funct/on
J@) = o(@)tor(@) oal@) Bos (@)™ [ F@a(y)

o1 ()" o2 () ros(y) T (o (2 + y)a(w —y)) "dy
(1 € {0,1,2,3}) is a solution of

da?

2
( d +Zz<z'+1>@<az+wz>— )f‘(:c)=0.

I, (1 =0, 1,2,3). suitable cycle on C with variable y.

If n € Z>1, then we essentially recover generalized Dar-
boux transformation.



Application to monodromy

fi(x, E), fo(x, E): independent solutions of

dax?

2
( i +Zz<z + V(e + w) — >f<a:> =0, (1)
Mo, (E) (k € {1,3}). 2 X 2 matrix;

Monodromy matrix of Eq.(1) w.r.t. z — x 4 2wy

(f1(@ + 2wy, E) f2(z + 2wy, E)) = (f1(z, E) f2(z, E))Maw, (E)

dax?

M, (E): I\/Ionod. matrix of Eq.(2) w.r.t. z— x4+ 2wy.
Theorem 9.

2
( ‘ +Zz<z'+1>p<sc+wz>— >f<:c>=o, (2)

trMy, (E) = trMp,, (E), (k=1,3)

Corollary 10. Let k € {1, 3}.
if(x, E): solution of Eq.(1)
s.t. flx +2wi, F) =CL(E)f(x, E)
= 3f(z, E): solution of Eq.(2)
s.t. f(x 4+ 2wy, E) = C(E)f(x,E).
In other word, periodicity is preserved by the
integral transformation.



Summary

Isomonodromic transformations for Heun’s equa-
tion by Crum-Darboux transformations.

Relationship to finite-gap integration.
Consruction of a commuting operator.

Integral transformations for Heun's equation:
A genaralization of Crum-Darboux transfor-
mation.

Invariance of monodromy



