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Goals and Motivation

We study the space of rational m x m-matrix functions on the Riemann
sphere with the fixed singularity data (i.e., asymptotic behavior at infinity
and the zeroes and poles of the determinantal divisor).
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Goals and Motivation

We study the space of rational m x m-matrix functions on the Riemann
sphere with the fixed singularity data (i.e., asymptotic behavior at infinity
and the zeroes and poles of the determinantal divisor).

We are interested in finding good coordinates on this space, and also in
describing ways of factorizing such matrix functions into products of
elementary blocks.

The main reasons for the study are

@ Krichever's project on understanding the Lagrangian description of
discrete integrable systems from “basic principles” (e.g., the Lax
representation);

@ generalization of Moser-Veselov approach to integrability of discrete
systems through refactorization transformations from polynomial to
rational matrix functions;

@ applications to discrete Painlevé equations.
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Goals and Motivation

I. Krichever and D. Phong recently developed a new approach to the
Hamiltonian theory of soliton equations based on “universal” symplectic
forms written in terms of the “Lax-pair” data for a (matrix) operator

L(z) = L0+Z(257"2i):
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Goals and Motivation

I. Krichever and D. Phong recently developed a new approach to the
Hamiltonian theory of soliton equations based on “universal” symplectic
forms written in terms of the “Lax-pair” data for a (matrix) operator

L(z) = L0+Z(257"2i):

Continuous Case Discrete Case
° The Lax Pair Representations
L =[M,L] L =RLR!

e The Symplectic Form
w =Y res, Tr(W-16L A 6W) dz w=>" res Tr(W-IL7ISL A §W)

o ZiCa

where W is the eigenfunction matrix, LW = WK
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Goals and Motivation

I. Krichever and D. Phong recently developed a new approach to the
Hamiltonian theory of soliton equations based on “universal” symplectic
forms written in terms of the “Lax-pair” data for a (matrix) operator

L(z) = L0+Z(257"2i):

Continuous Case Discrete Case
° The Lax Pair Representations
L =[M,L] L =RLR!

e The Symplectic Form
w =Y res, Tr(W-16L A 6W) dz w=>" res Tr(W-IL7ISL A §W)

i, ZirCa
where W is the eigenfunction matrix, LW = WK
° Hamiltonian Lagrangian
Hpp ~ TrL"T(p) ?
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Goals and Motivation

@ These symplectic forms are well-defined only on the “leaves” of some
foliation of our phase space
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Goals and Motivation
@ These symplectic forms are well-defined only on the “leaves” of some
foliation of our phase space

@ In the discrete case, this corresponds to fixing the location of zeroes
and poles of det L(z)

@ For L(z) = R(z)L(z)R™!(z)to be in the same space as L(z), R(z)
has to be chosen in a special way, one way to do it is refactorization:

L(z) = Li(2)La(2) = L(2) = La(2)L1(2),  R(2) = La(2)

(same as in the Moser-Veselov description of the integrability
mechanism of discrete systems)
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transformations of difference equations, only this time the
determinant divisor “moves”
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Goals and Motivation

@ These symplectic forms are well-defined only on the “leaves” of some
foliation of our phase space

@ In the discrete case, this corresponds to fixing the location of zeroes
and poles of det L(z)

@ For L(z) = R(z)L(z)R™!(z)to be in the same space as L(z), R(z)
has to be chosen in a special way, one way to do it is refactorization:

L(z) = Li(2)La(2) = L(2) = La(2)L1(2),  R(2) = La(2)

(same as in the Moser-Veselov description of the integrability
mechanism of discrete systems)

@ Same type of transformations correspond to isomonodromic
transformations of difference equations, only this time the
determinant divisor “moves”

Such transformations sometimes reduce to discrete Painlevé equations
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Coordinates on the Space of Rational Matrix Functions Additive Representation

Assumptions on the Singularity Structure

We consider rational matrix functions L(z) of rank m such that both L(z)
and its inverse M(z) = L(z)~! satisfy the following general conditions:
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We consider rational matrix functions L(z) of rank m such that both L(z)
and its inverse M(z) = L(z)~! satisfy the following general conditions:
@ L(z) is regular, diagonalizable (and diagonalized) at z = oo,

Lo = lim L(z) =diag{p1,...,pm},  Mo=Ly"
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@ L(z) is regular, diagonalizable (and diagonalized) at z = oo,

Lo = lim L(z) =diag{p1,...,pm},  Mo=Ly"
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at the points (1,...(p;
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Coordinates on the Space of Rational Matrix Functions Additive Representation

Assumptions on the Singularity Structure

We consider rational matrix functions L(z) of rank m such that both L(z)
and its inverse M(z) = L(z)~! satisfy the following general conditions:
@ L(z) is regular, diagonalizable (and diagonalized) at z = oo,

Lo = lim L(z) =diag{p1,...,pm},  Mo=Ly"

@ L(z) has simple poles at the points zi, ...z, M(z) has simple poles
at the points (1,...(p;
@ The divisor (L(z)) = (detL(z)) is simple as well,
n

(detl(z)) => (zx—Ck),  detl(z) =p1---pm []

k=1 k=1

Z— Gk
z — z
This is the rank-one condition on the residues:
Ly = res,, L(z) = axb!, = ayfag][bl],
My = —res;, M(2) = cxd] = Si[ei][d]].
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n
L :
L(Z) = Lo+Zz_ka, Lo =d|ag{p1,...,pm} Ly =akb}L(
k=1
n
M 1 1 ;
M(Z)IMO—Z . My = diag{—,...,—} My = cid)
k=1 Z- Ck P1 Pm



Coordinates on the Space of Rational Matrix Functions Additive Representation

Additive Representations

Additive Representations of L(z) and M(z)

n

L .
L(Z) =Lo+ Z 2 _ka, Lo = dlag{pl, b0 ,,Om} L, = akbl
k=1
M, 1 1 ;
M(z :Mo— —_— MoZdlag Ty eeey T Mk:de
(2) > s o) '

Note that

diL(C) =0, L(C)ck=0, bIM(z)=0, M(z)a=0.
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Coordinates on the Space of Rational Matrix Functions Additive Representation

Additive Representations

Additive Representations of L(z) and M(z)

n L .
L(Z) = L0+Zz_k2k, Lo :dlag{pl,...,pm} L, :akbi
k=1

n

M(z) =Mo— >

k=1

M, 1 1 ;
e Mo = diag{—,..., — M, =
B Ck’ 0 Iag{ 01 ) ) pm} k ckdk
Note that

diL(C) =0, L(C)ck=0, bIM(z)=0, M(z)a=0.

The space of such L(z) with the fixed D =",z — >, ¢ is MP.
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Coordinates on the Space of Rational Matrix Functions Additive Representation

Additive Representations

Additive Representations of L(z) and M(z)

n

L :
L(Z) =Lo+ Z 2 _ka, Lo = dlag{pl, b0 ,,Om} L, = akbl
k=1
M, 1 1 ;
Mz)=Mo—> —5 My =diag{—,...,— My = cid
(z) = Mo ZZ—Ck 0 g{pl pm} k = cid)

k=1
Note that
diL(C) =0, L(C)ck=0, bIM(z)=0, M(z)a=0.
The space of such L(z) with the fixed D =",z — >, ¢ is MP.

Question
What are good coordinate systems on the space MP?
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Coordinates on the Space of Rational Matrix Functions Additive Representation

Lemma

Generically, the collection {a, dL}Z:l (or the collection {cy, bL}ZZl )
gives coordinates on the space MP.
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Coordinates on the Space of Rational Matrix Functions Additive Representation

Lemma

Generically, the collection {a, dL}Z:l (or the collection {cy, bL}ZZl )
gives coordinates on the space MP

Consider the equations M(zx)ax = 0 and d,TL(C,-) =0

da da
Moay — ZC,Zk —kC: =0, dTLOJrZC _Zk Z:O
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Coordinates on the Space of Rational Matrix Functions Additive Representation

Lemma

Generically, the collection {a, dL}Z:l (or the collection {cy, bL}ZZl )

gives coordinates on the space MP

Consider the equations M(zx)ax = 0 and d,TL(C,-) =0

n

Moay — ZC, Zj jk{, =0, dTLo + Z

dak
C/_Zk

. .| df . .
Then if the matrix [Zk'_ag] is invertible,
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Coordinates on the Space of Rational Matrix Functions Additive Representation

Lemma

Generically, the collection {a, dL}Z:l (or the collection {cy, bL}ZZl )
gives coordinates on the space MP.

Consider the equations M(zx)ax = 0 and d,TL(C,-) =0:

1 dTak + o dTak +
Mopay, — ci— =0, dLo+ ——b;, =0.
0%k Z:'Zk—Ci -0 Z:Ci_zkk
i=1 k=1
. . dTak . .
Then if the matrix 2G| i invertible,
Lsta |2 B b = | 2 B diL
ci= a , ;
I P 8 z — G 0
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Coordinates on the Space of Rational Matrix Functions Additive Representation

Lemma

Generically, the collection {a, dL}Z:l (or the collection {cy, bL}ZZl )
gives coordinates on the space MP.

Consider the equations M(zx)ax = 0 and d,TL(C,-) =0:

‘ dJ'rak dTak
Moa, — > ¢—— =0, diLg+> —“ bl =0.
; z — G kz_; Gi—zx K

. .| df . .
Then if the matrix [Zk'_ag] is invertible,

-1 -1
dj.rak T dTak

—1
c,i=1L Ak
’ 0 z — G z — G

Unfortunately, Lagrangian coordinates seem to be a mix of vectors from
these two collections.
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o —20pq’
z—Co q'p

Zo—CoP_qT

B(z) =1+ B(z) '=1+

z—2 q'p



Coordinates on the Space of Rational Matrix Functions Multiplicative Representation

Multiplicative Representation

Elementary Divisors (building blocks)

— T — T

z—z qp z—Goap’

Properties of Elementary Divisors
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Coordinates on the Space of Rational Matrix Functions Multiplicative Representation

Multiplicative Representation

Elementary Divisors (building blocks)

20 — (o pq’ 1
B =1 LML B
(z) =1+ 2 7 q'p (2)

Properties of Elementary Divisors

(1) detB(z) = (z — ¢0)/(z — 20);
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Coordinates on the Space of Rational Matrix Functions Multiplicative Representation

Multiplicative Representation

Elementary Divisors (building blocks)

20— Copq' 1 Co—2pq'
B(z) =1+ == B(z) " =1+ —_.
(@) z— 2z qfp (2) z—CGo q'p
Properties of Elementary Divisors
(1) detB(z) = (z - Co)/(z — 20);
(2) Bp=(£2)p.  a'B(2)= (£2)al;
Anton Dzhamay (UNC)
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Coordinates on the Space of Rational Matrix Functions Multiplicative Representation

Multiplicative Representation

Elementary Divisors (building blocks)

20— Copq' 1 Co—2pq'
B(z) =1+ == B(z) " =1+ —_.
(@) z— 2z qfp (2) z—CGo q'p
Properties of Elementary Divisors
(1) detB(z) = (z - Co)/(z — 20);
(2) Bp=(22)p.  a'B(z) = (£2)a';

z—29

(3) B(z')w=v = B(z) =1+ 1 ((zo_z*)qTWJr(z — o)L )
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Coordinates on the Space of Rational Matrix Functions Multiplicative Representation

Multiplicative Representation

Elementary Divisors (building blocks)

20— Copq' 1 o — 2o pq’
B(z) =1+ == B(z) " =1+ =
(@) z— 2z qfp (2) z—CGo q'p

Properties of Elementary Divisors
(1) detB(z) = (z — C0)/(z — 20);
(2) Blz)p = (£2)p,  a'B(2) = (=2)

z—29

(3) Bz )w=v — B(z) =1+ 325 (20— )% + (2" - )%,

0

p= a—qT ((zo —Zz%) Iog(qu) +(z* = (o) Iog(qu)) d
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Multiplicative Representation

Elementary Divisors (building blocks)

20— Copq' 1 o — 2o pq’
B(z) =1+ == B(z) " =1+ =
(@) z— 2z qfp (2) z—CGo q'p

Properties of Elementary Divisors
(1) detB(z) = (z — ¢0)/(z — 20);
(2) Bp=(22)p.  a'B(z) = (£2)a';

z—29

(3) Bz )w=v — B(z) =1+ 325 (20— )% + (2" - )%,

p= ;qT ((zo —Zz%) Iog(qu) +(z* = (o) Iog(qu)) d

(4) wiB(z") =v! = B(2) =1+ ;% (0 — 224 + (=" — )22 ).
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Coordinates on the Space of Rational Matrix Functions Multiplicative Representation

Multiplicative Representation (continued)

Factors and Divisors

L(z) = LoCi(2)---Cn(2),  detCu(2) = E:Z
= Li(2)B(2), det Bi(2) = :i

= B} (2)LL(2), det Bl (2) = .

— Zk
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Coordinates on the Space of Rational Matrix Functions

Multiplicative Representation

Multiplicative Representation (continued)

Factors and Divisors

Definition

We call Ci(z) the factors of L(z) and Bj(z) (resp. B/ (z)) right (resp.

L(Z) = L0C1(z) 000 Cn(Z),

= Li(2)Bi(2),

= B (2)Li(2),

left) divisors of L(z) (or M(2)).

Anton Dzhamay (UNC)

Refactorization dynamics

det Cx(z) = j:gi
det BL(z) = j:i:
/ Z — Gk
detB)(z) = .
Z— Zk

NMMP, July 19, 2009
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Coordinates on the Space of Rational Matrix Functions Multiplicative Representation

Lemma
Let Ly = res,, L(z) = akbf{ and My = —res¢, M(z) = ckd;r(. Then

.I.
z — (i ckb
(o) =1+ H Sk Ak
Z_Zkbkck
~ Cragd!
BL(z):I—i—u’;k.
Z—dekak
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Coordinates on the Space of Rational Matrix Functions Multiplicative Representation

Lemma

Let Ly = res,, L(z) = akbL and My = —res¢, M(z) = ckd;r(. Then

_ bl

B (2) = I - 2ok Sk
Z— Zk bkck

_ dl

Bj(z) =1+ Cka’; A
Z— Zk dkak

Proof
Let L(z) = L} (z)B}(z). Taking the residue at z gives

acb}, = Li(z)pj(a})!,  and so (a)f = b},

Similarly, taking the residue of M(z) = (B} (z)) *(LL(2)) ™" at ¢k gives
P = Ck.
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From now on, restrict our attention to the quadratic (n = 2) case:

L(2) = LoC1(2)Ca(2) = By(2)LoBi(2) = B}(2)LoBj(2)



Coordinates on the Space of Rational Matrix Functions Multiplicative Representation

Refactorization Transformations

From now on, restrict our attention to the quadratic (n = 2) case:
L(2) = LoC1(2)Ca(2) = By(2)LoB](2) = B}(2)LoBj(2)
Consider the map L(z) — L(z) = R(z)L(2)R(2)~* with R(z) = B{(z):

L(z) = By(2)LoBj(2) — L(2) = B{(2)Bj(2)Lo = B)(2)LoBj(2).
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Refactorization Transformations

From now on, restrict our attention to the quadratic (n = 2) case:
L(2) = LoC1(2)Ca(2) = By(2)LoB](2) = B}(2)LoBj(2)

Consider the map L(z) — L(z) = R(z)L(z)R(2)~! with R(z) = B}(z):

L(z) = By(2)LoBj(2) — L(2) = B{(2)Bj(2)Lo = B)(2)LoBj(2).

Related isomonodromic transformation:

L(z) = BY(2)LoB} () — L(z) = Bi(z + 1)B)(z)Lo = Bh(z)LoB} (2).
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Refactorization Transformations

From now on, restrict our attention to the quadratic (n = 2) case:
L(2) = LoC1(2)Ca(2) = By(2)LoB](2) = B}(2)LoBj(2)

Consider the map L(z) — L(z) = R(z)L(z)R(2)~! with R(z) = B}(z):

L(z) = By(2)LoBj(2) — L(2) = B{(2)Bj(2)Lo = B)(2)LoBj(2).

Related isomonodromic transformation:

L(z) = BY(2)LoB} () — L(z) = Bi(z + 1)B)(z)Lo = Bh(z)LoB} (2).

Iterate it: this is our dynamics.
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Coordinates on the Space of Rational Matrix Functions Multiplicative Representation

Refactorization Transformations

From now on, restrict our attention to the quadratic (n = 2) case:
L(z) = LoC1(2)Ca(2) = B3(2)LoBi(2) = By (2)LoB(2)
Consider the map L(z) — L(z) = R(z)L(z)R(2)~! with R(z) = B}(z):
L(z) = By(2)LoBj(2) — L(2) = B{(2)Bj(2)Lo = B)(2)LoBj(2).
Related isomonodromic transformation:

L(z) = BY(2)LoB} () — L(z) = Bi(z + 1)B)(z)Lo = Bh(z)LoB} (2).

Iterate it: this is our dynamics.

Question: is it possible to write down a Lagrangian generating this
dymanics?
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Coordinates on the Space of Rational Matrix Functions Discrete Lagrangian Systems and Euler-Lagrange Equations

Discrete Euler-Lagrange equations
Let Q be the configuration space of our discrete dynamical system.

Continuous Case

e The Lagrangian
L=1L(Q,Q) € F(TQ)
e Action
S(v) = [, £(Q, Q) dt
e Euler-Lagrange Equations (from 6S = 0)

9L _ d oL _
2Q ~ dtoq
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Coordinates on the Space of Rational Matrix Functions Discrete Lagrangian Systems and Euler-Lagrange Equations

Discrete Euler-Lagrange equations
Let Q be the configuration space of our discrete dynamical system.

Continuous Case Discrete Case

e The Lagrangian
L=LQ,QeF(TQ = L=£L(Q,Q) cF(QxQ)

e Action

S(M=/[,£Q,Qdt = S{Qx}) = > L£(Qx, Qur1)
e Euler-Lagrange Equations (from ¢S = 0)

56 a6 =0 = %(Q.Q+5%QQ)=0
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Coordinates on the Space of Rational Matrix Functions Discrete Lagrangian Systems and Euler-Lagrange Equations

Discrete Lagrangian Integrable Systems

Moser-Veselov Approach to Integrability of Discrete Systems
e Discrete system is a map Q = #(Q, Q) or (Q,Q) = $(Q,Q).
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Discrete Lagrangian Integrable Systems

Moser-Veselov Approach to Integrability of Discrete Systems
e Discrete system is a map Q = #(Q, Q) or (Q,Q) = $(Q,Q).

e Findamapn: Qx O — P, where P is a space of matrix polynomials
in a spectral variable z, such that we have the following diagram:
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Discrete Lagrangian Integrable Systems

Moser-Veselov Approach to Integrability of Discrete Systems
e Discrete system is a map Q = #(Q, Q) or (Q,Q) = $(Q,Q).

e Findamapn: Qx O — P, where P is a space of matrix polynomials
in a spectral variable z, such that we have the following diagram:

id @, Q) id @, @)
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Discrete Lagrangian Integrable Systems

Moser-Veselov Approach to Integrability of Discrete Systems
e Discrete system is a map Q = #(Q, Q) or (Q,Q) = $(Q,Q).

e Findamapn: Qx O — P, where P is a space of matrix polynomials

in a spectral variable z, such that we have the following diagram:

id @, Q) id @, @)

) )

R 1) = LELE) = LiELE) ——— = () = L) = L) — -
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Discrete Lagrangian Integrable Systems

Moser-Veselov Approach to Integrability of Discrete Systems

o Discrete system is a map Q = #(Q, Q) or (Q,Q) = $(Q,Q).
e Findamapn: Qx O — P, where P is a space of matrix polynomials

in a spectral variable z, such that we have the following diagram:
o} ]
e Q,Q)

@, Q)
R

s (z) = R

= Ly(2)L1(2) = L1(2)la(z) —————————> [(2) = Ly(2)L1(2) = L1(2)La(2) HR
@ the isospectral re-factorization map

R:L(z) — L(z) = Ly(2)L(2)Ly }(2)

is the discrete analogue of the Lax-pair representation.
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Discrete Lagrangian Integrable Systems

Moser-Veselov Approach to Integrability of Discrete Systems

o Discrete system is a map Q = #(Q,Q) or (Q, Q) = $(Q, Q).
e Findamapn: Qx O — P, where P is a space of matrix polynomials

in a spectral variable z, such that we have the following diagram:
o} ]
e Q,Q)

@, Q)
R

s (z) = R

= Ly(2)L1(2) = L1(2)la(z) —————————> [(2) = Ly(2)L1(2) = L1(2)La(2) HR
@ the isospectral re-factorization map

R:L(z) — L(z) = Ly(2)L(2)Ly }(2)

is the discrete analogue of the Lax-pair representation.

This is exactly our setup, the ordering of the poles determines the order of
the factors.
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We need to do the following:
o Identify the configuration space Q.



We need to do the following:
o Identify the configuration space Q.
@ Find the parametrization map 7 : Q x Q@ — M.



Coordinates on the Space of Rational Matrix Functions Discrete Lagrangian Systems and Euler-Lagrange Equations

Isospectral Dynamics

We need to do the following:
o Identify the configuration space Q.
e Find the parametrization map n: Q x Q@ — M.

@ Find the equations of motion in terms of these coordinates.
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Isospectral Dynamics

We need to do the following:

Identify the configuration space Q.

Find the parametrization map n: Q@ x Q — M%,.

Find the equations of motion in terms of these coordinates.
Find the Lagrangian function £ = £(X,Y) € F(Q x Q).
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Isospectral Dynamics

We need to do the following:
@ lIdentify the configuration space Q.

Find the parametrization map n: Q@ x Q — M%,.

Find the equations of motion in terms of these coordinates.
Find the Lagrangian function £ = £(X,Y) € F(Q x Q).
Consider the diagram
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Coordinates on the Space of Rational Matrix Functions

Isospectral Dynamics

We need to do the following:

Discrete Lagrangian Systems and Euler-Lagrange Equations

@ lIdentify the configuration space Q.

@ Find the parametrization map 7 : Q x Q@ — M.

@ Find the equations of motion in terms of these coordinates.
e Find the Lagrangian function £ = £(X,Y) € F(Q x Q).

Consider the diagram

(Ph, (a3)', pf, (af)
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Coordinates on the Space of Rational Matrix Functions

Isospectral Dynamics

We need to do the following:

Discrete Lagrangian Systems and Euler-Lagrange Equations

@ lIdentify the configuration space Q.

@ Find the parametrization map 7 : Q x Q@ — M.

@ Find the equations of motion in terms of these coordinates.
e Find the Lagrangian function £ = £(X,Y) € F(Q x Q).

Consider the diagram

(ph, (ab) T, pf, (aD)T)
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L(z) = B)(2)LoB] (2) 2 L(2) = B{(2)B4(2)Lo = B}(2)LoB(2) = B} (2)LoBj(2)

| |

®b, (@), pf, (@)1 b, @', 6y, @Hh



L(z) = B)(2)LoB] (2) 2 L(2) = B{(2)B4(2)Lo = B}(2)LoB(2) = B} (2)LoBj(2)

| |

®b, (@), pf, (@)1 b, @', 6y, @Hh

Let Q = (p) = ap, (q)) =bl) e @ =C™ x C™



L(z) = B)(2)LoB] (2) 2 L(2) = B{(2)B4(2)Lo = B}(2)LoB(2) = B} (2)LoBj(2)

| |

®b, (@), pf, (@)1 b, @', 6y, @Hh

Let Q = (p = az, (af)! = b]) € @ = P™~1 x P~



Coordinates on the Space of Rational Matrix Functions Discrete Lagrangian Systems and Euler-Lagrange Equations

The Coordinates

L(z) = B)(2)LoB{(2) ! L(2) = B{(2)B(2)Lo = B(2)LoB](2) = B} (2)LoB}(2)
(P}, (@), pf, (a))) (65, @), 87, @)

Let Q = (p) = a2, (q})! =bl) € 9 = P! x pm-1

Also, Q = (52,5{).
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The Coordinates

Q. Q)
L(z) = B)(2)LoB{(2) ! L(2) = B{(2)B(2)Lo = B(2)LoB](2) = B} (2)LoB}(2)
(P}, (@), pf, (a))) (65, @), 87, @)

Let Q = (p) = a2, (q})! =bl) € 9 = P! x pm-1

Also, Q = (52,5{).
We want:

o p} = c1 = c1(a, b}, &, b}) o B] = & = &(az, b, 4, b))
> (('1/2)]L = d; = d;(a% b11->527b1i) O (qé)T d; = d;(a2>b17527 bJ{)
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Equations of Motion
ar 52
sa=(n-2n)7—+(@2-0)=—
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Equations of Motion

°ci=(zn— Zz)T (22 Cl)
19 1a2
L=15
TL— (G- )
1

° & = (21— () iy
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Coordinates on the Space of Rational Matrix Functions Discrete Lagrangian Systems and Euler-Lagrange Equations

Equations of Motion

a
o c;=(z1 — Zz)Jri2 (2 Cl)
192 1a2
. Lg ar 1~
oG =(a-Q)zz "+
( )b{Lgla2 ( i 13 TL0
b! biL ?
od =(2—z1)2 + (21 — )12 —
( )biaz ( )bnglaz
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Coordinates on the Space of Rational Matrix Functions Discrete Lagrangian Systems and Euler-Lagrange Equations

Equations of Motion

a
e c=(zn— Zz)Jri2 (2 Cl)
. Ly a o a2
& = (z1 — C2)m (Q—C)em = T'—o
b biL-t
odT—z—z—1+z—C~10
(2 =21 T2 2)bTL’ a
- ! biLg?
o dy,= (22— Cl) + (G — Q) —— =
bla blL,'a
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Coordinates on the Space of Rational Matrix Functions Discrete Lagrangian Systems and Euler-Lagrange Equations

Equations of Motion

e c = (z— zz)b]ii + (2 Cl) __= (Q7 Q)
192 182 axl
C1x
o &1 (z- ) ?Loa; +<<2—¢1>£30_i‘;2 - @
° dg—(22—21)l::2+(21—42)b?:_:_01;2 = gé(Q,Q)
° d; =(z2 — Cl)bl:; + (G — Cz)lgl_l;j; = _gyi(Q’Q)
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Equations of Motion

a2
0eci=(z71—z = Q,Q
1 ( 1 2)b-{a2 ( Cl) -{52 aXl( )
L ta, L, 14, oL =«
o0& =(z1-Q)s—+ (G- G)72—— = —(Q,Q)
Lo 'a; biLy'a, 0y
b! biL-? oL
o d=(z— L t(za-0)="2— =_-"(QQ
2 (22 Zl)b]:a2 (Zl <2)b-i]-La]_a2 (9)(2( )
-~ b! bTL— oL
o CpL = — L + = =5 Q Q
2= (2 <1)b152 (G — Cz) L dy2( ,Q)
Discrete Euler-Lagrange Equations
oL ~ - oL
(Q,Q):C]_:E]_— T(Q7Q)
0%y Jy;
oL ~ oL
(Q,Q)=d}=d} = ---(Q.Q)
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Coordinates on the Space of Rational Matrix Functions Discrete Lagrangian Systems and Euler-Lagrange Equations

The Lagrangian

Thus, we have the following

Theorem

The equations of both the isospectral and isomonodromic dynamic can be
written in the Lagrangian form with

LX,Y,t) = (2 — z1(t)) log(x]x2) + (z1(t) — (2) log(y]Ly x2)
+ (G — Gi(t)) log(yiLgty2) + (Gi(t) — 22) log(xlyo),

where X = (x1, xz) and Y = (yi, yg) in the isomonodromic case
z1(t) = z1 — t, (1(t) = (1 — t, and in the isospectral case z1(t) = z1,
C1(t) = 1 and L(X,Y) is time-independent.
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Consider L(z) = Bf(z)BA(z)Lo = Bb(2)LoBI(z2).



Consider L(z) = Bf(z)BA(z)Lo = Bb(2)LoBI(z2).

® resy, : B{(Zz)azdgl-o = 52a£|-0§i(22)



Consider L(z) = Bf(z)BA(z)Lo = Bb(2)LoBI(z2).

® resy, : B{(Zz)azdgl-o = 52a£|-0§i(22)



Consider L(z) = Bf(z)BA(z)Lo = Bb(2)LoBI(z2).

® resy, : B{(Zz)azdgl-o = 52a£|-0§i(22)

+ (22— C1)=—

( ) as a
Ci =\Z1 — 2o —
' b{az bJ{az



Coordinates on the Space of Rational Matrix Functions Discrete Lagrangian Systems and Euler-Lagrange Equations

Sketch of the proof
Conﬂder[(z):: B! (z)B)(z)Lo = EQ(Z)LOEE(Z)
e resy, : Bi(22)32d£L0 = 5282L0§£(22)

a a

¢ = (21— 2)—— + (22— (1)
t t

bjas b;a>

Consider M(z) = Lg'BA(2) 1B} (2) ! = B}(2) 'Ly 'Bh(2) 1.
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Sketch of the proof
Conﬂder[(z):: B! (z)B)(z)Lo = EQ(Z)LOEE(Z)
e resy, : Bi(22)32d£L0 = 5282L0§£(22)

a a

¢ = (21— 2)—— + (22— (1)
t t

bjas b;a>

Consider M(z) = Lg'BA(2) 1B} (2) ! = B}(2) 'Ly 'Bh(2) 1.

o res, 1 LylaxdiBi(G) ! = B{((2) 'Ly tad)
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Sketch of the proof
Conﬂder[(z):: B! (z)B)(z)Lo = EQ(Z)LOEE(Z)
e resy, : Bi(22)32d£L0 = 5282L0§£(22)

a a

¢ = (21— 2)—— + (22— (1)
t t

bjas b;a>

Consider M(z) = Lg'BA(2) 1B} (2) ! = B}(2) 'Ly 'Bh(2) 1.

o res, i Lytaxd]Bi(G) 7 = Bi(G) MLy tod)
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Coordinates on the Space of Rational Matrix Functions Discrete Lagrangian Systems and Euler-Lagrange Equations

Sketch of the proof
Conﬂder[(z):: B! (z)B)(z)Lo = EQ(Z)LOEE(Z)
e resy, : Bi(22)32d£L0 = 5282L0§£(22)

a a

¢ = (21— 2)—— + (22— (1)
t t

bjas b;a>

Consider M(z) = Lg'Bh(2) !B} (2) " = B}(2) 'Ly 'Bh(2)*
o res, i LytaxdiB(G) ! = BY(G) ML, Mand)

. L 'ax L, a2
& = (z1 — () =2

= +(Q2—¢
biL; a; (=g

1...
1'-0 az
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Coordinates on the Space of Rational Matrix Functions

Coordinates on M,

Discrete Lagrangian Systems and Euler-Lagrange Equations

Since B[ (z)B)(z)Lo = B} (z)LoBj(z), 2 = Ly a2, d]; = QI and we have:

e~

Theorem

The vectors (ca, dJ{; a, bJ{) considered up to rescaling, are coordinates on
the space MP. To recover L¥1(z), consider the function

L((x2, %)), (y2,¥])) = (22 — 21) log(x|Lox2) + (21 — ¢2) log(y{x2)

+ (G — G1) log(ylLg y2) + (1 — 22) log(x]y2).

Then
__oL t y): P oL f ).
il _87)&((‘:2*]1): (a2, by)); b, = a)(2((C2,d 1);(a2,by));
oL oL
ci= —((c2,d}), (a2, b)); db = — =" ((c2,d}). (a2, b})).
dy} y2
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In the rank r = 2 case, the isomonodromic dynamics, written down in the
so-called spectral coordinates, is described by the discrete Painlevé
equations.



In the rank r = 2 case, the isomonodromic dynamics, written down in the
so-called spectral coordinates, is described by the discrete Painlevé
equations.




Rank 2 case and difference Painlevé

Relation to discrete Painlevé equations

In the rank r = 2 case, the isomonodromic dynamics, written down in the
so-called spectral coordinates, is described by the discrete Painlevé
equations.

References
e M. Jimbo, H. Sakai (1996): g-case (q-PVI)
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Relation to discrete Painlevé equations

In the rank r = 2 case, the isomonodromic dynamics, written down in the
so-called spectral coordinates, is described by the discrete Painlevé
equations.

References
e M. Jimbo, H. Sakai (1996): g-case (q-PVI)

e A. Borodin (2004), D. Arinkin, A. Borodin (2006): d-case (d-PV and
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Rank 2 case and difference Painlevé

Relation to discrete Painlevé equations

In the rank r = 2 case, the isomonodromic dynamics, written down in the
so-called spectral coordinates, is described by the discrete Painlevé
equations.

References
e M. Jimbo, H. Sakai (1996): g-case (q-PVI)

e A. Borodin (2004), D. Arinkin, A. Borodin (2006): d-case (d-PV and
d-PVI) geometric interpretations, T-functions

Main new feature of our approach is the use of rational functions, which
sometimes gives computational advances, emphasis on the re-factorization,
and the relationship to the Lagrangian | mentioned earlier.
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We consider

oL(z)—Lo+z—12—l+—2—andM(z)—L(z)1 Mo — ZM& ZMEZ



We consider

o L(2) = Lo+ 35 + 72 and M(z2) = L(z) 7t = Mg — M= — M2,
e Lo = diag{p1, p2}, Mo = diag{1/p1,1/p2},



We consider

o L(2) = Lo+ 35 + 72 and M(z2) = L(z) 7t = Mg — M= — M2,
e Lo = diag{p1, p2}, Mo = diag{1/p1,1/p2},

o H s Mo H a1



Rank 2 case and difference Painlevé

Rank 2 case: general remarks

We consider
o L(z)=Lo+ Lo Loy M(z) = L(z)"! = M — M, M,

z—2z1 z—2 z—Q1 z—(!

e Lo = diag{p1,p2}, Mo = diag{1/p1,1/p2},

o Li=q; 31i [1 b,}, M; = 35; Cli [1 di}v (i=1,2),

e detl(z) = 0102%'
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Rank 2 case and difference Painlevé

Rank 2 case: general remarks

We consider

° L(Z) - LO t 257121 + 25222 and M(Z) = L(Z)il = MO - z'\illl o z'\iléh
° Lo = diag{p1, p2}, Mo = diag{1/p1,1/pa},

Li=q; 31i [1 b,}, M; = G Cli [1 di}v (i=1,2),

detL(z) = 0102%'
Then

p1 + a1a1 + anap ajaib; + apas b

L(Z) _ z—2z; z—2) z—z1 z—2
31 %) ayby [e%127)
z—2z1 z—2 p2+ z—2z1 + z—2
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e Put

! a2 _  Mz=7v)
z—z1 z—-z (z—z)(z—m)

w(z) = L(z)21 =




e Put

! a2 _  Mz=7v)
z—z1 z—-z (z—z)(z—m)

w(z) = L(z)21 =

@ Then a; = res,, pu(z) = B=z) i =12 and i # .

(z—z)



e Put

o a _ z—7)
z—z1 z—2z (z—=z)(z-2z)

w(z) = L(z)21 =

@ Then a; = res,, pu(z) = B=z) i =12 and i # .

(z—z)

@ We defined «y by the condition p(y) = Lo1(y) = 0. Also,

[plm ] ] (- )(z- )
) T =

0 P27 (Z_zl)(z_z2).



Rank 2 case and difference Painlevé

Spectral Coordinates

o Put

W(z) =L = -2 02 Mz-1)

z—z21 z—-2 (z—z1)(z—2)

o Then a; = res, pu(z) = 20=2) j i —1 2andi#].

— (z-z)

e We defined v by the condition p(vy) = La1(y) = 0. Also,

L(v) = pimL X , T = (z =)z - 42).
0 pom (2= 2)(z - 2)
@ Define m by m = 8:2;” (and so m = 8—2;%)
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Rank 2 case and difference Painlevé

Spectral Coordinates

o Put

W(z) =L = -2 02 Mz-1)

z—z21 z—-2 (z—z1)(z—2)

o Then a; = res, pu(z) = 20=2) j i —1 2andi#].

— (z-z)

e We defined v by the condition p(vy) = La1(y) = 0. Also,

L(v) = pimL X , T = (z =)z - 42).
0 pom (2= 2)(z - 2)
@ Define m by m = 8:2;” (and so m = 8—23%)

The Spectral Coordinates
The pair (v, ) is called the spectral coordinates of L(z).
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@ We need the following

pi(a, b) :=mi(y—a) — (v — b).



@ We need the following

pi(a, b) :=mi(y—a) — (v — b).

@ Then



@ We need the following

pi(a, b) :=mi(y—a) — (v — b).

@ Then

L(z) — ,01451(22, )+u(z)a _ pipa(21,2)

-2 z—2z7 + u(z)az,

L(Z)22 p2g02(2§2,2)+ (Z)b p2Q02(Z;;Z)+ (Z)b2






Our normalization condition is

p1ki  x
po p2ko

Lo = —res L(z) = L1 + Ly =



Our normalization condition is

k *
Loo = —resoL(z) =Li+ L= pra
po p2ko

Then i = p,



Our normalization condition is

p1ki  x
po p2ko

Lo = —res L(z) = L1 + Ly =

Then fi = p, prki = p1o1(22, 22) + pay gives a; = %(kl — v1(2, 2)),
and so on.



Rank 2 case and difference Painlevé

Normalization (difference case)
Our normalization condition is

k *
Lo = —ressoL(z) = Ly + Lp = |7

wo p2ke

Then i = 1, prki = prga(z, 22) + pan gives a1 = 2 (ki — p1(22, 22)),
and so on.

The inverse matrix M(z) = Mg — z“_/'él — z“—/léz has similar parameters:
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Rank 2 case and difference Painlevé

Normalization (difference case)
Our normalization condition is

k *
Lo = —ressoL(z) = Ly + Lp = |7

wo p2ke

Then i = 1, prki = prga(z, 22) + pan gives a1 = 2 (ki — p1(22, 22)),
and so on.

The inverse matrix M(z) = Mg — z“_/'él — z“—/léz has similar parameters:

Types of L(z) and M(z)

L(z): 71z G & op1 P2 ky ko Iz v oom 2
. 1 1 _ _ __p 1 1
M(z): a & a1 =z i > ki ko w7 = =
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Rank 2 case and difference Painlevé

Normalization (difference case)
Our normalization condition is

k *
Lo = —ressoL(z) = Ly + Lp = |7

wo p2ke

Then i = 1, prki = prga(z, 22) + pan gives a1 = 2 (ki — p1(22, 22)),
and so on.

The inverse matrix M(z) = Mg — Z“_"él — z“—/léz has similar parameters:

Types of L(z) and M(z)

L(2): 2z oz G G P1 P2 ky ka m N om o
M(2): G @ a2z ﬁ % R R %1 %2
11 *
This follows from My, = —Ly'LooLg! and M(y) = |/ ™ 11
0 nm

Anton Dzhamay (UNC) Refactorization dynamics NMMP, July 19, 2009 25 /29






a = %(kl — ¢1(22, 22)) 2= %(kl — 121, 21))

by = %(kz — 2(22,22)) by = %(kz — p2(21, 21)).



Rank 2 case and difference Painlevé

L(z) in spectral coordinates

Additive form of L(z) in spectral coordinates

a] = %(kl — p1(22, 22)) = %(kl — ei(z1, 21))
b = %(kz — p2(22, 22)) by = %(’Q — p2(z1, 21)).

Additive form of M(z) in spectral coordinates

a="-peo)m)  a="k-aa)m)

di = %(kz — ¢2(C2,G2)/m2) by = %(’Q — ¢2(G1, G1)/m2)-
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Rank 2 case and difference Painlevé

L(z) in spectral coordinates

Additive form of L(z) in spectral coordinates

a] = %(kl — p1(22, 22)) = %(kl — ei(z1, 21))
b = %(kz — p2(22, 22)) by = %(’Q — p2(z1, 21)).

Additive form of M(z) in spectral coordinates

=2l -pee)m) o=k -e(a.0)/m)

d ="k = 2@ G)/m) b=l ke — (1, 1) )
Together they completely describe left and right divisors of L(z) and M(z).
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We consider the isomonodromy transformation

L(z) = R(z+ 1)L(z)R"(2)
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We consider the isomonodromy transformation
L(z) = R(z+ 1)L(z)R"(2)
for the linear difference system
Y(z+1)=L(z)¥(z)

with R(z) = B{(z), where L(z) = B}(z)LoB(z):



Rank 2 case and difference Painlevé

Isomonodromy and dP-V

We consider the isomonodromy transformation
L(z) = R(z + 1)L(z2)R71(2)
for the linear difference system
V(z+1)=L(z)¥(2)
with R(z) = B{(z), where L(z) = B}(z)LoB/(2):

L(z) = Bi(z + 1)Bj(2)Lo = B (2)LoBj(2) = B)(2)LoBj(2).
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Rank 2 case and difference Painlevé

Isomonodromy and dP-V

We consider the isomonodromy transformation

L(z) = R(z + 1)L(z2)R71(2)
for the linear difference system

V(z+1)=L(z)¥(2)

with R(z) = B{(z), where L(z) = B}(z)LoB/(2):

L(z) = Bi(z + 1)Bj(2)Lo = B (2)LoBj(2) = B)(2)LoBj(2).

Types of L(z) and L(z)

L(2): 7 2 (€] G2 p1 P2 ki ke p oy
L(z): H=z21-1 %Hh= G=a-1 = p p k k {i ¥
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The parameters i, 7,7 and p,y, 7 are related by the following equations:



Rank 2 case and difference Painlevé
Difference Painlevé V
The parameters ji, 5,7 and u,y, 7 are related by the following equations:

= MP1(7T1 - 21) - PQ(’Y - C2)
p2(m1 — z1) — p2(v — 2)
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Rank 2 case and difference Painlevé

Difference Painlevé V

The parameters ji, 5,7 and u,y, 7 are related by the following equations:

. pi(m—z1) = pa(y — ()

i —21) — pa(v - G2)
S p2(7 — Q)(H - G)
pi(y — z1)(F — )
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Rank 2 case and difference Painlevé

Difference Painlevé V

The parameters ji, 5,7 and u,y, 7 are related by the following equations:

. pim—z1) — pa(y — &)
== MP2(7T1 — 21) - Pz(’Y - C2)

pa(y — &)F - &)

M = ~ =
t p1(y — z1)(§ — 2)
This explains the normalization m = 7y 8:3
(0 =2)E-G) (dPV (a))

P (7 —2)F - )
ki+GQ—=z1 +/)2(/<2—21-|-C2—i-1)
m—1 pPIT — P2

F+y=22+(+ (dPV (b))
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Rank 2 case and difference Painlevé

Writing Bs(z) = 1 + -8, we see

z—2zs!
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Rank 2 case and difference Painlevé

Writing Bs(z) = 1 + -8, we see

L = GbLo + LoG/, Lo = (G} 4+ GL)Lo

Thus,

fi = (Loo)2r = i+ [G, LoJor = s+ (p1 — p2)(G})21

Anton Dzhamay (UNC) Refactorization dynamics NMMP, July 19, 2009

29 / 29



Rank 2 case and difference Painlevé

Writing Bs(z) = 1 + -8, we see

z—2zs!

L = GbLo + LoG/, Lo = (G} 4+ GL)Lo

Thus, y
fi = (Loo)21 = p + [G1, LoJo1 = p + (p1 — p2)(GY)21

Also, uniqueness of the left divisors gives B/ (z + 1) = B/(z) and so
ro_ Gl
1 1
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Rank 2 case and difference Painlevé

Writing Bs(z) = 1 + -8, we see

L = GbLo + LoG/, Lo = (G} 4+ GL)Lo
Thus, y
fi = (Loo)21 = p + [G1, LoJo1 = p + (p1 — p2)(GY)21

Also, uniqueness of the left divisors gives B{(z + 1) = B/(z) and so
G; = G}. Since

e _Q(/q — 1(2,¢2)/m1) ,
Gj = oTer _’“‘ . [1 2 (ko — 902(22722))]
. o etk = 3130 .
& — zzTﬁlCl 7 (ke Sil(zz %)) [1 %(/Q — @2(@,(2)/7?2)] )
1

the rest is a simple direct computation.
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