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SUSY

Super:

SUSY:
Super or SUSY
Integrable system:

anti-commutitive or fermionic variables
theoretical physics: bosons & fermions
supersymmetry

a coupled system

Two types of super extensions exist in literatures: fermionic or

supersymmetric

Martin (1959), Casalbuoni (1976), Kupershmidt (1984), Gurses, ...
Mainin & Radul, Mathieu, Popowicz, Aratyn,...

Direct way to SUSY systems:

Independent variables:

Dependent variables

x = (x,0)

fermionic or bosonic functions
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Example ( Kupershmidt: Phys. Letts. A (1984))
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Et = —4§XXX + 3UX€ aF 6U€x
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Fifth order evolution equations
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Fifth order evolution equations

U Usoexxx aUlyy Uy Uxx Cu-uy

the general homogenous equation of degree 7.
Question: Is it integrable ?
Yes, but only for three cases

e bth KdV:

Ur + Ussoooc + 10Ul + 25Uty 4+ 2002y = 0
@ Sawada-Kotera or Caudrey-Dodd-Gibbon
Ut F Uspooex + DUl + Dyl + 5u%u, =0
o Kaup-Kupershimdt:
U + Uspoox + 10Uy Uy + 30u2ux =0

Fujimoto & Watanabe: Math. Japonica 28 (1983)
Harada & Oishi: J Phys. Soc. Japan 54 (1985)
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5th KdV: next flow of susy KdV

Bet bt | 00(D) + 06D+ a6(DP)ec + 20?9(D| =0

X

Oevel & Popowicz CMP (1993)
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Symmetry Approach

We form the following equation
P = Dypox + Oélcbxxx(Dq)) + a2¢XX(D¢X) + a3¢)X(D¢)XX)
—|—a4¢X(D¢)2 + a5¢(D¢XXX) + aﬁq)(chX)(Dq))

which is the most general equation with the degree

deg = —
eg 5

where

d(x, t,0) = &(x, t) + Ou(x, t)

is fermionic field
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O = Do + AP (DP) + 200, (DD, ) + 20, (DP,y)
+2020,(DP)? + aP(DDyx) + 202P(DP,)(DD)
(2]
P = Do + AP (DP) + APy (DD) + P4 (DPxx)
+3a20,(DP)?
(5]
D = Do + AP (DP) + a®, (DD ) + 202D, (DD)?
(]
Dr = Do + P (DP) + 30D, (DD, ) + a®, (DD,
+1a20,(DP)?
(5]
O = Do + AP (DP) + @ (DP) + 2P, (DD)?
o
D = Do + 20D (D) + 30D, (DD,) + ad, (DD )

+3020,(DP)? + 2a2P(Dd,)(DP)



equations in components

2nd equation:

_ 2
Ut = Uxxxxx T Qlxxx + 200Uy Uy + 10 U Ux

2
gt = é-xxxxx + augxxx + auxfxx + Oéuxxgx + %U2€x

3rd one:

2
— a2
U = Uxxxxx T QllUxx + Qlix Uy + 5 U™ Ux

2
gt = fxxxxx + augxxx + auXX§X + %szx
4th one:

2
a2
Ut = Uxxxxx QlUlUxxx Ux Uxx 5 u=ux

2
gt - gxxxxx + Oéufxxx Tuxgxx + Oluxxﬁx + %U2§X
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For last two, we have

2
a2
Ut = Uxxxxx T Qllxxx + QlxUxx + 5 U Ux — 0 Ex

2
gt = €XXXXX + augxxx + auxfxx + %Uz&

6 2
ur = uxxxxx + 200Ul + Aoty Uy + g U= Uy — & ocEx
3 3 - ¢
+ ’5\ U & + ’\ Ux&x§
2
§t = Sxoox T 20U xxx + 3UxExx + Qlixx€x + Ex + uuxf
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SUSY SK

L=03+VdD+ Ud+dD + V.
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SUSY SK

L=03+VdD+ Ud+dD + V.

Following Gel'fand and Dickey, we have

oL
ot,

[(L5)+, L]

where [A, B] = AB — (—1)/AlIBIBA.

Not surprising: a special case of Manin & Radul (Commun. Math.
Phys. (1985)).

We consider: n =5 and t5 = t.

L+L*=0
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Then we find i
V=0, V= E(UX — (D9))

that is 1
L=0924+ Udy + D + 5 (U= (D®))

In this case, we take B = 9(Lg)+, namely

B = 995+ 15U8° + 150Dd? + 15( Uy + V)d?
4150, DOy + (10Usy + 15Vi + 5U?)0y
+10(Psx + SU)D + 10V + 10UV + 50(DU)

for convenience.

Q. P. Liu SUSY Sawada-Kotera



Then, the flow of equations, resulted from

oL

reads as

3 1 1 1 3
Ut + Usoox + 5 <UUXX + ZUE + gU3 +Ox(DU) + S ®(DU) + 5 0x — Z(D¢)2> =0

X

1 1 1 1
Dy + Prooox + 5 <U¢xx + EUxxd) + EUXd)X + U + 5¢(D¢x) - §(D¢)¢x> =0

X
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Then, the flow of equations, resulted from

oL

reads as
3., 1.3 1 1 3 )

1 1 1 1
Dy + Prooox + 5 <U¢xx + EUxxd) + EUXd)X + U + 5¢(D¢x) - §(D¢)¢x> =0

X

@ setting ® = 0, we will have the standard Kaup-Kupershimdt

U: _ 0 Ox
(0 )=(5 5 )

where the Hamiltonian is given by

@ Hamiltonian system:

A = / E¢(D¢)2 — (DUx)(D®xx) — §¢U3 - %(DUX)(DU)‘D

+§(DU)UX(D¢) + 5(DU)U(D®,) + g(DU)CDXd) dxdo.

Q. P. Liu SUSY Sawada-Kotera



L = &+ Ud+ oD+ %(UX — (D9))
= (D*+ WD+ T)D?-DW +7),
gives us a Miura-type transformation
U = —2W, - W24+ (DT),
o = -T,-2TW,
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1
L = 32+ Ud+ oD+ 5 (U= (D®))
= (D*+ WD+ T)D?-DW +7),
gives us a Miura-type transformation
U = —2W, - W?+(DT),
o = -T,-2TW,
and the modified system is given by
Wi + Waggoox + 5Woooe(DT) = 5Wagex Wy — 5Wooe W2 — 52, + 10Wsoe(DT)
— 20Wie Wx W — 5 Wi W(DT) — WS — 5W2(DT) + 5W, (DT ) + 5 Wi (DT)?
+5WW* — BWW(DTy) + 10W(DTx)(DT) — 10T T Wy + 5(D W) Tx

+ 5(DWi)Trx + 5(DWi)T Wy + 10(DWi) TW?2 — 5(DW)T Wy + 10(DW) Ty W?
+ 10(DW)T(DTx) — 5(DW)T Wi + 30(DW)TW, W = 0,

Tt + Tosoo + 5 s00c(DT) = 5T 0 W + BT (D) + 5T Wi — 25T Wi W
F 5T W(DT) + 5T (DT)? + 5T Wi — 25T Wi W — 25T, W2 + 57, W, (D)
+ 10T Wi W2 £+ 5T, W* — 10T, W2(DT) + 5T, W(DTy) — 10T Wi W — 20T Wi Wi

+ 10T Wi W2 4 30TW2W + 20T W, W3 — 30T W, W(DT) — 10T W3(DT,)
— 5(DW)TxT — 5(DW) T T — 10(DW) T, TW = 0.

Q. P. Liu SUSY Sawada-Kotera



we have

Bt + Proocx + 5Prx(DB) + 5xx (D) + 5¢x(Dp)* = 0

Let ¢ = &(x, t) + Ou(x, t), we have

Ut + Usooox + DUl + Syt + 5U2Ux - 5£XXX§X
€t + gxxxxx + 5U§xxx + 5ux§xx + 5u2§X =
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we have

Bt + Proocx + 5Prx(DB) + 5xx (D) + 5¢x(Dp)* = 0

Let ¢ = &(x, t) + Ou(x, t), we have

Ut + Usooox + DUl + Syt + 5U2Ux - 5£XXX§X
€t + gxxxxx + 5U§xxx + 5ux§xx + 5u2§X =

Lax operator:
L=(D*+¢)(D* + ¢)

Q. P. Liu SUSY Sawada-Kotera



sresl3 € ImD .

where sres means taking the super residue of a super
pseudodifferential operator.
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Proposition
sresl3 € ImD .

where sres means taking the super residue of a super
pseudodifferential operator.

Proof: Consider
D3 + ¢ _ /\3

Thus,
L=A®

Then 1
sres(L3) = sresA?" = Esres[/\zn_l,/\]
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Proposition

sresl3 € ImD .

where sres means taking the super residue of a super
pseudodifferential operator.

Proof: Consider
D3 + ¢ _ /\3

Thus,
L=A®

Then .
Sres(Lg) = sres/\2n — 5Sres[/\Zn—l’/\]

nontrivial conserved quantities ?

We now turn to Ls

Q. P. Liu SUSY Sawada-Kotera



It can be proved that

So, the super residue of L$ is conserved.
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It can be proved that

a n 5 n
—Ls =[9(L3),, Ls].
L0 = 19(L3)+, Lo]
So, the super residue of L$ is conserved.

The first two nontrivial conserved quantities

/ sresLédxdd = —é / [2(Déux) + (Dg)? — 65 ]dxdl
/ sresL s dxdd = _8711 / [6(Dbsoe) + 18(Dbsy ) (D) 4 9(Dpy )2

+ 4(D¢)? — 18¢xd + 6 — 36¢xd(Dp)]dxdf
Remarks:

@ What is remarkable is that the conserved densities found in
this way, unlike the supersymmetric KdV case, are local.

@ All those conserved quantities are fermioic. To our knowledge,
this is the first supersymmetric integrable system whose only
conserved quantities are fermioic.

Q. P. Liu SUSY Sawada-Kotera



Finally, we have the recursion operator

R =% + 6(DP)3} + ADpx)02 + 66, 02D + {5(Dpx) + A(D$)? 5
+ {9600 + 1265 (D)}0xD + {(Dbsox) + A(Deps)(DS) }Ox
+ {50000 + 126, (D) + 66x(Dbx)}D + {4(Dbx) (D) + 4D$)° — 3 hx }
+ {Broooex + 5bx0c(Db) + 5bxx (Dbx) + 26x (Dpsc) + 6x (D)} D"
— {2Déx) + 2AD3)ID by — 46 (DB)D; b5 — AD)D ™ [roex + 26x(D)]

— 265D H(Grox + Sx(DD))D ! — 3(DF)D Ly — 2650 b + 2D e + 26x(DP)]}

Q. P. Liu SUSY Sawada-Kotera



Popowicz: Odd Hamiltonian structure for supersymmetric
Sawada-Kotera equation. arXiv:0902.2861v1

“Probably it is the first nontrivial supersymmetric model with odd
bi-Hamiltonian structure with the modified bosonic sector. So this
model realizes in fully the idea of equal footing of fermions and
bosons fields".

Q. P. Liu SUSY Sawada-Kotera



novel SUSY 5th KdV

¢t = ¢xxxxx + 2a¢)XXX(D¢) + 3a¢XX(D¢X) + a¢x(D¢XX)
+30%0x(D9)? + £a?¢(Dp) (D)

Q. P. Liu SUSY Sawada-Kotera



novel SUSY 5th KdV

¢t = ¢xxxxx + 2a¢)XXX(D¢) + 3a¢XX(D¢X) + a¢x(D¢XX)
+30%0x(D9)? + £a?¢(Dp) (D)

@ Hamiltonian structure
OHy
—p1
bt 5%

where H1 = %f [¢xxxx(¢) + 5¢XX(D¢)2 + 5¢(¢)3] dxd?

Q. P. Liu SUSY Sawada-Kotera



novel SUSY 5th KdV

¢t = ¢xxxxx + 2a¢)XXX(D¢) + 3a¢XX(D¢X) + a¢X(D¢XX)
+202¢.(D¢)? + 2a2P(D¢ ) (Do)

@ Hamiltonian structure

OHy

K3

where Hy = 3 [ [xox(8) + 50xx(D3)? + 56(¢)*] dxdd

@ Recursion operator

¢t:D

& = 85+ 12(DP)A} + 60,93D + 24(DP,)D3 + {210, + 180(DP)}52D
+{19(DPyx) + 30(DD)?} 02 + {23 ex + 57D (D) + 270(DP,)} 05D
+{7(DDxxx) + 60(DD ) (D)} Dy
H{11Px0x + 540, (DP) + 4805 (D) + 150(DPsy) + 364(D)*} D
+{(DPsocx) + 27(DDxx)(DP) + 20(Ddx)? + 28(DD)3 — 5, Dy + 18D, d(DD)}
{20 s0000x + 20Ps0x (DP) + 30D, (D) + 14, (D) + 21y (D)

+30(DPyux) + 510(Ddy ) (D) }D L
F{ 200 + 300, (DP) — 6O(DDx)}DL(DD) + 3(DPrx )0 L{(D®) — & DL}
—3(DO)D " H{ D + (—TPsx — 30(DD))I (D) — b DL}
—20, 07 H{Oux + 30(DP) + [2(DPrx) + 12(DP,)(DP) — 30, ®]D L
+[—60, — 9B(DD)]O L [(DP) — &, DT}

Q. P. Liu SUSY Sawada-Kotera



@ A possible second structure (bi-hamiltonian ?)

dHy
=RD—
or =R 50
where i
Hy = 2/q§dxd9

Q. P. Liu SUSY Sawada-Kotera



@ A possible second structure (bi-hamiltonian ?)

. 8H
¢t—RD5¢

where

Ho = % / ddxdf

@ A multi-linear form

2D, {f2 - S(D; — DE)f - f}

+5 {(DX(Dﬁf F) - F2)(SD3f - ) — (Du(DEF - F) - F2)(SDxF - f)} =0

Q. P. Liu SUSY Sawada-Kotera



THANK YOU |

Q. P. Liu SUSY Sawada-Kotera



