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1. Introduction

 Many PDESs exhibiting soliton phenomena appeared
In many science subjects fluid physics, solid
physics, elementary particle physics, biological
physics, superconductor physics, ...

It 1is a quite fascinating research topic that how to
solve such PDEs to obtain interesting solutions
including solitons, which attracts much attention of
mathematicians, physicists and dynamicists.




* In the past several decades, there have been many
efficient methods for constructing exact solutions to
nonlinear PDE:s.

* Though the solving methods are diverse, appropriate
reductions

similarity reductions,

symmetry constraints,

travelling wave reductions

* To reduce given PDEs to simpler PDEs and/or
integrable ODEs.




W.X. Ma,
possessing Frobenius integrable decompositions, Physics
Letters A, 364 (2007) 29-32.

* They presented FIDs for two classes of nonlinear

evolution equations (NEEs) with logarithmic
derivative Backlund transformations in soliton
theory.

u=(Ing), =%, u=(Ing),, =

AP~y
5 :
o
The discussed NEEs are transformed into systems

of Frobenius integrable ODEs with cubic
nonlinearity.




 [F.C. You, T.C. Xia, J. Zhang, Frobenius integrable
decompositions for two classes of nonlinear evolution

equations with variable coefficients, Modern Physics Letters B,
23 (12) (2009) 1519-1524

* They obtained two classes of PDEs with variable
coefficients possessing FIDs, including

r the KdV equation
the potential KdV equation
the Boussinesq equation

\ the generalized BBM equation, ...




u=v(®)=v(d(x,1)),

O

O, =AD), O, =B®),
|

* Then we say that the equation possesses a F




FIDs generalize compatible time-space
decompositions requiring Hamiltonian structures,
which aim to guarantee the Liouville integrability

(L1, 2]).

[1] V.I. Arnold, Mathematical Methods of Classical
Mechanics, Springer-Verlag, New York, 1989.

[2] W.X. Ma, in: A. Scott (Ed.), Encyclopedia of Nonlinear
Science, Taylor & Francis, New York, 2005, pp. 450-453.

T

hrough F

s, a PDE problem can be

transformed into two associated ODE problems.
Thus, the existence of solutions can be guaranteed
casily by the theory of ODEs.
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Our work

* Present two classes of PDEs of specific type
possessing FIDs by introducing some general
ansatzes on FIDs, motivated by the works about FIDs
by Ma and You et al.

 Two kinds of functions for Backlund transformations
are taken 1n our constructive computation algorithm,
and the associated Frobenius integrable ODEs
possess higher-order nonlinearity.
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2. Specific PDEs possessing FIDs

R(M, U s U U s Ups Usy s Ug s Ug s U Uy U5 ) =0.
Many interesting wave equations belong to this class of
PDEs,

(<> the KdV,
<> the potential KdV,
<> the generalized seventh-order KdV,
< <> the Burgers,
<> the spatially periodic third-order dispersive PDE,
<> the b-equation,
\




Based on the symmetry constrains theory [1-4],

 |[1] W.X. Ma, W. Strampp, Physics Letters A, 185 (1994)
2717.

| [2] W.X. Ma, Journal of the Physical Society of Japan, 64
(1995) 1085.

. [3] W.X. Ma, Z.X. Zhou, Journal of Mathematical Physics,
42 (2001) 4345.

. [4] Y.B. Zeng, W.X. Ma, Journal of Mathematical Physics,
40 (1999) 6526.

we consider the following case




D = (¢ W) —(¢(x f) W(x f))

* which satisfies two Frobenius integrable systems:

/ a real parameter

A_’¢x :W9 Wx :Z¢9

¢t — 01 (¢9 l)”)a Wt = 92 (¢9 l)”)
f

It 1s easy to see that the equation can be generated from
the Schrodinger spectral problem with zero potential.

undetermined polynomials




the considered F

and

<
L ¢tx

* Then, we have the following mixed derivatives for

S.

P, =y, =6,(d,y),
= 91,¢W + /1‘91,;y¢9

v, =g =A0,(4.p),
\th — 2,¢W + ZHZ,(//¢‘




* Thus, we get
0,(9,v) = ‘91,¢W T /1‘91,W¢9

and accordingly,

A0(B.w) =0 4" +240,,, ¢y + 176,08 + 0, ,6+6,,¥).

the only condition on g,




To search for € which satisfies

A6/(p,¥) = ‘91,¢¢5‘//2 +240,,,0v + ﬁz@hww¢2 +A(6,,0+6,y).

Take the following ansatze

/ natural numbers
91 — Z Zbi,j¢iwj p

i=0 j=0

arbitrary constants
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when m, =m, =7

0, = _l3b1,6¢7 - Z3b0,7¢6w T 3/12b1,6¢5§”2 T 312b0,7¢4§”3 o 3/151,6¢3W4 - 3/1b0,7¢2§”5
+ b1,6¢W6 + 170,75”7 + /12171,4¢5 + 12b0,5¢4§” . 2ﬂ“b1,4¢3l//2 - 21b0,5¢2§”3 + b1,4¢W4
+ bo,sl)”5 - lb1,2¢3 - Abo,3¢2')” + 171,24151//2 + 170,3‘//3 + b1,0¢ + bo,lw-

0, = A(=2b, ,4° + 6A°b, 'y +9A7by 'y —122b, $w° —154b, .8’y +6b, Ju/°
+ by ° + 27Dy 5" —4Ab, B’y — 64D, "W +4b Py +5b, syt — Ab, ¢
+2b,,0y + 3B,y + b, )¢+ (T, (§° —64°b, ,°w +152°b, ($'w°
F122%b, .59 —9Ab, (Fw* —6Ab, 9" +b, ' +54°b, b
+42°b, sp'w —64b, P " —4Ab, Py + by
—32b,,¢* —2Ab, ¢y + b,y +b .
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On the other hand, we consider the following specific
type of the polynomial R

R(u,u ,u_,u_.,u__,u

5x9u7x’u9x’ut’utt’uxxt9 ) )

xx 2 7 xxx 2 7T xxxx 2

_ 2
= do,ou + dO,lux + do,zuxx + do’3u + d()’ M+ dljou + dl’luux + dl’zuuxx + d1’3uum

XXX XXXX

+d uu, +d,ul +d, uu +d,uu, +d,, +d, ul +dsuu

XXXX X XX X XXX xxxx XX xxx

+ d3,2uxx XXXX + d4 Ouxxx + d4,1uxxx XXXX + dS Ouxxxx + eOMSx + elu7x + e2u9x

2 2 2 3
+euus +euu, +euu, + fuu + fuu + foutug + fiu

3 2
+ f;lu ux + f5uuxuxx + gOut + glutt + g2uxxt + g3uxxt’




* Theorem (a) If we take a Backlund transformation

u = (Ing), =%

from the Frobenius integrable systems

.=V, v, = A,

¢, =06 (o,v), v, =0,(p,v),
to the PDE

P(u,u,,u_u_,-)=0,
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—)

0, = _/13b1,6¢7 + 3ﬂzbl,6¢5§”2 - 3/1b1,6¢3§”4 + b1,6¢‘//6 + /Izbl,4¢5 = 2/1171,4¢3‘//2
+ 171,4¢‘//4 - ﬁb1,2¢3 + b, 0y 7+ b o§ + by,

0, = 2(6/12b1,6¢5l// - 12/1b1,6¢3‘/3 + 6b1,6¢‘,”5 - 4/1b1,4¢3‘// + 4bl,4¢‘,”3 +2b,,0y +by,)9
+ (15/12191,6¢4‘//2 - 72’3b1,6¢6 - 9/1b1,6¢2§”4 T 171,6‘//6 T 5/12171,4¢4 - 6/1b1,4¢2l//2
+ 171,4';”4 - 3ib1,2¢2 + bl,2‘>”2 +b0)v,
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R =(2242%, + 8Ad,;—404e; +24d,,—2d,, - 6d1’3)u3ux + futu, .+ foutug + fuul
+d uu,. +duu, +3d,, —404f, —60e,+2d;, -3 f —1/2f;+12d, ,J)uuu,,

+d, U, +e3uqu+e4uu7x+63Oe2 cox —35eu u . +d, U U +d, Ou

+d, S, +dygus, +dy g, —(2564%, +644%, +161° f, +161%¢,
P42, —8A%d, , +4Aby g, +AAd, 5 — 20d, , +by,go + dy ), | A
+(244%e, —2884%, —8A%d, , +2b; g, +2Ad,, —~16Ad,, +2Ad, ,
+2dy, ) uu, +(105¢, —3/4d,  +5/2 f, =3/ 4b; g, )uu
—(1404e, +2d, 5 +10e3)u, u

XXX

xx XXXX

+d, u +d,su

XXXX XX XXX XXX

+dg U+ eylly, + e, +egs, +dgu, —(44°¢; g,
+7936A%, +44%d, , —2722°¢, +161%¢,
—2A%d,,+ A’ f; —24b, 8, —2Ad, ,

+by,80 + do,l)uf [ A+ gou, + gu,

2
+ g2uxxt + g3uxxt‘




* (b) If we take a Backlund transformation

Ag* -y’

u=(Ing),, = 7

-

0, =—1°b o f +317b Bw’ —3Ab, By’ +b Py + Vb b —22b, Y
+b, 0" — b, +b,py’ +b P+ b, W,
0, =—’b, P°w +31°b, @'y’ —3Ab, Py’ + A°b, Py —24b, Py’
—Ab "W + Ab, P+ b W +b W +b Ly + by,
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folu + futu, + fauuu, +(4435204°%, —3522%d,, —35844%, —1201e, +8A f, — A f, + 2 A f;

—360¢, +12d, , + 6d, u’u, +(4d,, —5040e, + 56¢, u’us, +euu,; +euus, +d juu  +d uu

XXXX

+d, ,uu, +(2404d,, —3024001e, +16801e, +30d, , +18d,, —5040¢, +90e, =3 f, +1/ 4 f,
=3/2ful+dyuu +(324%d,,
~162°d,, —4A°d, , + 6b;,g, +2Ad, , + 6d,,)u’ + (652801%, —641°d, , — 64 1%,

~164°d,, —16A°d,, +40322%¢, —164%¢, + 2404¢e, —4Ad,, —4Ad,, +12b,, g,

+12d, uu, +(104d, , —44°d,, +30d,, —3/2d,,)ul —(5/2d, , +3/4d,,)

+d,,u, —(by g, +5/4d,,)

—(4Ab; g, +162°d, , +4Ad, ,)u — (256 A%e, + 64 1%, +164°¢,

+d, uu, +d;,u. u

X XX

+d,,u +dygul +dyuu

XX XXXX xxx XXXX XX XXX

uU, e, +eu, +ejus, +d,,u

X XXX

+ d0,3u

XXX

+4ﬂ’bo,1gz + 4ﬂ’d0,3 + bO,lgO u, +gou, + gu, +g,u., + g3u§xt'
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* Take a special reduction as follows:

R(u’ l/l uxx > uxxx 2 uxxxx > qu > u7x > u9x > l/l utt > uxxt 5" )
— d0,0u + dO,lux + d0,2uxx + d0,3uxxx + d0,4uxxxx + dl,luux + dl,2uuxx + dl,3uuxxx
2
+ d Ou + d luxuxx + d xuxxx + d xxxx + d luxx XXX + eOu + el 7x

+e,u, +euu, + fyulu, + futu, +f2u u, + fal + falu,

+ f5uuxuxx + gOut + glutt + g2uxxt‘
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Forthe u=(Ing) =

@orrespondmg resulD

0, = _2“3b1,6¢7 +3 22b1,6¢59”2 -34 b1,6¢3‘//4 + b1,6¢ ‘//6 + ;tzbl,4¢5
—24 b1,4¢3W2 + b1,4¢ W4 -4 b1,2¢3 + b1,2¢ Wz + b1,0¢ + bo,ﬂ”a
0,=A4(6 22b1,6¢5'7” -124 b1,6¢3l//3 +6b, ¢ w> —42 b1,4¢3l// +4b,,0 v +2 b,y

+b,,)P+ (=7 /13b1,6¢6 +15 /12b1’6¢4w2 -9 b1,6¢2w4 + b1,6w6 +5 /Isz 4¢4
—64 I71,4¢2‘//2 + 171,4')”4 —-34 b1,2¢2 + 171,21//2 + bl,O )l//,
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R=@8A1d,,—40 e, +24d,,—6d ,—2d, w'u + fu'u _ —42e u’u, + fiu;
+(336A°¢,—2Ad,, -4 fi+Af,—6b,,g,—6d,,+2d,,+d, ) u’u,
+d uu,+(16804e +3d,,-60e, -3 f —1/2 fuuu, +d uu,,

X XX
+euus, +d, uu, +d,,uu

XXX XXXX

U +d,ul +(24 A,
—8A°%d,,+2b,,°g,—164d,,+2Ad ;+24d,, +2d,,)uu,

- (2d,5;+10e)u u, . +dy,u, +d;u

+ d2’3uxu

+egus, +eu, +(2724°e, +24°d,, —16 A’¢,
—Afy+2Aby, g, +2Ad,,—Ad,,
—by,80)u, + gt + g1,

+ g2uxxt'

XXX XXXX

+d, ,u
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It includes many nonlinear equations,
the potential KdV equation

gou, +dyu, . +6d,u’ =0,

XXX

the Burgers equation

golt, +2d, uu, +d,,u, =0,
b - equation

| |
u ——u_ —2uu.=—-(3uu_+uu__).
gO t 22/ xxt X 21( XXX xxx)

a general case of the famous Rod equation [1]

[1] H.H. Dai1, Y. Huo, Proceedings of the Royal Society of London Series A,
456 (2000) 331.




@ Fhr4)

NORTHWESTERN POLYTECHNICAL UNIVERSITY

¢2 —v/

For the u=(lng) =

@orrespondlng r@

0, = _ﬁ3b1,6¢7 +3 12b1,6¢59”2 -34 b1,6¢3l)”4 + b1,6¢ l//6 + 12b1,4¢5
24 b1,4¢3W2 + b1,4¢ W4 - ﬂb1,2¢3 + b1,2¢ Wz + b1,0¢ + b0,1Wa

-4 b1,2¢2l// +Aby,9+ b1,6W7 T b1,4l//5 T 171,21//3 +y b,

0, = _ﬁ3b1,6¢6§” +3 ﬂ'2b1,6¢4‘//3 —34 b1,6¢2W5 T 12b1,4¢4§” -24 b1,4¢2§”3
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R=fuu, + fu'u_ + (443520 1%, =120 e, +8A f,—A f, +2 4 f, +12 d,+6d,,
+d,uu.,+30d,,

X XX

—360¢, )uzux + d132uuxx + d1’3uum + e;uu + d3’0u

xxuxxx
+18d,,—-3024004e, —5040¢ +90e, -3 f, +1/4f, —3/2 fu’ +eyu,,
tdyu,, + fuuu, +dyu,.. +eus, +eu, +30d,,-3/2d,, >
+(4/ 3/12a’1,2 -16 12d0,4 u — (bo,lzg1 +1/34d,,)u,, —(64 Ae,

+256 A%, +16 A%e, + 4 A ConZo a4 d b 2 U,

t+d,uu,.. —5040¢, u'u, +(652801°¢,

—16%241’2,3 —16/12d3,0 +4032 A%,

—16 A’e, S A

+2401e,+120,,g,

+12d )uu, + g,u,

+ glutt + g2uxxt'




It includes:

* the KdV equation

gou, +12d juu +d u . =0,

XXX

* the family of spatially periodic third-order
dispersive PDE

1

B 2 2
bO,lgO 0 1gou + b, 1do U — d0,3uxxt = bo,1a(ﬂ*u Tu, _Euuxx )ss
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* the generalized seventh-order KdV equation

gout, + (24 f5 —120e, + 84 f)u’u, +(30d, ; +18d; —if5 +90e, —5040¢e, —3 )’

+fuu u_ +f1uu +d30uxx m+d23u u,_ . +euu, +eu, =0,

which has two well-known special cases [1]:
—— the Lax seventh-order equation
— the Sawada-Kotera-Ito seventh-order equation

[1] M. Ito, Journal of the Physical Society of Japan, 49 (1980) 771




e Through two Bicklund transformations of dependent
variables, ninth-order PDEs possessing the FIDs have
been obtained.

3. Conclusions

* Two special classes of such nonlinear PDEs possessing
special FIDs have been presented under a reduction.

* The obtained PDEs contain various significant
nonlinear wave equations.




* The approach adopted here can be easily applied to
nonlinear variable coefficient PDEs, which are quite

intriguing in ocean dynamics, fluid mechanics,
plasma physics, etc.

. If we take the Mobius transformation

u=(ap+by)/(cop+dy), (ad—>bc=+D0)

instead of the logarithmic derivative type Backlund
transformations, what we will get?




 Thank Prof. Wen-Xiu Ma, Prof. Xingbiao
Hu and Prof. Qingping Liu!

* Thank you for your attention!
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