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For details:
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Unperturbed problem: Ly = \y

e [ differential operator in x

e )\ spectral parameter

e potential u(x,t), t parameter

e (A, x,t) wave function

e spectrum of £, discrete and continuous spectra
e cigenvalues and eigenfunctions

e (generalized) eigenvalues and eigenfunctions



Perturbed problem: Eqﬂ = A@E

e [ is a finite-rank perturbation of £

e [ is obtained from £ by changing only the discrete spectrum
e perturbed potential 4 (x,t)

e perturbed (), z,t) wave function



Darboux transformation
e express, via unperturbed quantities and finite-rank perturbation:
tu(x,t) —u(z,t) (DT at the potential level)

Y\, z,t) — (N, z,t) (DT at the wave function level)

Backlund transformation
o differential equation(s) only involving:

t(x,t), u(x,t), and their z- and t-derivatives



Zakharov-Shabat system: Ly =\
d

— —u(z,t)
o L: =1 dx d
—ulm by -
o Y(\ x,t) = [5;8’?8] Jost solution (from the left)

o (A, xz,t) ~ [6&0] as £ — +00

Nonlinear Schrédinger (NLS) equation:  iu; + g, + 2|u/?u =0



Inverse scattering transform
e integrable nonlinear PDE, linear spectral problem L) = Ay

e KAV wu; — 6uuy, + ugppy =0
. d*y
1-D Schrodinger eq 3 + u(z,t) Y = A\
x

& = —iX F u(z,t)n

e mKdV Up + 6U% Uy + Uppy = 0, dz
dn =i\n —u(x,t) €
d./L' 77 )
d€ , 1
' ‘ %——’6)\5—5%(%75)77
e sine-Gordon Uyt = Sinu,
d 1
£ = iAn + 3 ug(z,t) &



Darboux transformation for ZS system/NLS

Add one bound state at A = A\; with the norming constant ¢;(¢). Then:

_ Py
u(x,t) - u(a:,t) — |F1|2 n \61\2F§

P P
P; Py

[1;1()\’567”] B [%(A,%t)] 1

T2+ Je|?T3




Iy :=141ic¢ {Qﬂl()\l,x) o (A1, ) — Pa( A1, ) 1 (A1, )
_ (A, @) P + 92 (A, @) 2

r

2 2 Im[\1]
Py = 2c191 (A1, )T —=2¢5 [h2 (A1, 2) P Ty +H4fer [*1 (M1, ) P2 (A1, 2)* Ty
Py = —ler[* 2 (M, 2)* T2 — 1y (A, 2) T3

Py = [e1[* 1 (M1, @) T2 () — cf Y2 (A1, 2)* Ty
Py = ler* 1 (M, 2)* Ta(z) — crpa (A1, 2) T
Py = \cﬂ%(h,x) 2(z) + c Y1(Ar, )" I
)\ Wl(/\h ) P2 (A, @) — 2 (A1, 2) Y1 (A, )]

Ps = N — )\* [w1<)‘17 ) ¢1(>\,5L’)—|—¢2()\1,33)* ¢2(>‘75€)]

c1 :=c1(t) = ¢1(0) hirTt

V1A, ) = Y1(A,2,t), oA x) i= 2N, 2, 1)




Darboux transformation for ZS system/NLS

e Add/remove N bound states at {\;}7_; with A; of multiplicity n; and

norming constants c;i, ¢ja, ... s Cing

e determine @(z,t) — u(x,t) and (X, z,t) — P (A, z, t)
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General approach to Darboux transformations

e unified approach

e applicable when Marchenko/GL methods are applicable
e multiple eigenvalues with multiplicities

e applicable to matrix versions of integrable equations

e no assumptions on extensions to both C* and C~
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General approach to Darboux transformations

e relate Y(A, x,t) to a(z,y,t) via Fourier transform
o (), z,t) is related to a(z,y,t)

o a(x,y,t) satisfies « + w + a2 =0 (Marchenko/Gel’fand-Levitan eq)

oo

a(z,y,t) +w(x,y,t) +/ dza(z, z, t)w(z,y,t) =0
o &(x,y,t) satisfies & + w + Eg)ifl =0
OV-Q=FG,  o(z,y,t)—w(z,yt) = f(z,1)g(y,1)
e &[l+ FG(I+ R)]=a— fg(I+ R) equivalent separable eq
I+R:=(I+9Q)"1 explicit evaluation in terms of «
e &(z,y,t) — a(x,y,t) is obtained in terms of a(z,y,t), f(x,t), g(y,1t)
o (N, z,t) — (), z,t) is obtained from &(z,y,t) — a(z,y,t)

(,t) — u(z,t) is obtained from &(z,z,t) — a(z, z,t)

g
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General approach to Darboux transformations

ea+w+al=0 a=—-w{l+02)1=—-wl+R)
e R+O+RQA=0

oo

r(:y,2) + wly, 2) + / dsr(z;y, s)w(s,2) =0, < min{y, 2}

( Yy
a(y, 2) —I—/ dsJa(s,y) Ja(s, z), z<y<z,
r(x;y,z) = 4 ’

Ja(z,y)TJ—l—/ dsJa(s,y) Ja(s, 2), x=<z<uy,

\ x

e+ w+a=0 a4+w+ fg+a(Q+FG)=0
[@4+w+ fg+aQ+FG)]I+R)=0
all + FG(I+ R)]=a— fg(I + R) separable integral eq
a—a=—(f+aF)I+GI+ R)F|*G(I+R)
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General approach applied to ZS/NLS

0 Bie=A'=
¢ f(.CC,t) - Ce—Ax—4iA2t 0
e B 0
¢ g(y,t) - 0 _e—ATy+4i(AT)2t0T
o a(x,y,t) = [K(x,y,t) K(z,y,t)] 2 X 2 matrix
0 ~(z + y, 1)

o w(x,y,t) = 2 X 2 matrix

Ql(aj + y7t) 0

( O oo
K(x,y,t)+ —I—/ dz K(x,z,t) (2 +y,t) = [
_Ql(m+y7t) v
® <
[z +y,t)f ©
K(x7y7t) o _/ dZK(f,Z,t) Ql(z+y7t)T =
\ 0 x
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