ON RANDOM SAMPLING IN UNIFORM HYPERGRAPHS
ANDRZEJ CZYGRINOW AND BRENDAN NAGLE

ABSTRACT. A k-graph G(*) on vertex set [n] = {1,...,n} is said to be (p,¢)-uniform if every S C [n]
of size s = |S| > ¢(n spans (p + C)(Z) edges. A ‘grabbing lemma’ of Mubayi and Rodl shows that
this property is typically inherited locally: if G(*) is (p, ¢)-uniform, then all but exp{fsl/k/QO}(T;) sets
S € ([Z]) span (p,¢’)-uniform subhypergraphs G(*)[S], where ¢/ — 0 as ¢ — 0, s > s0(¢’) and n is
sufficiently large. In this paper, we establish a grabbing lemma for a different concept of hypergraph
uniformity, and infer the result above as a corollary. In particular, we improve, in the context above,
the error exp{—s'/¥/20} to exp{—cs}, for a constant ¢ = c(k,¢’) > 0.

1. INTRODUCTION

A k-graph G(¥) C ([Z]) with vertex set [n] is (p, {)-uniform if every S C [n], s = |S| > (n, spans
(p£¢)(;) edges. (Here, p=+ ¢ denotes a quantity between p — ¢ and p+ ¢.) It follows by definition that
the induced subhypergraph G*)[S] = G*) N (i) inherits (p, ¢/5)-uniformity whenever s > fn. A similar
inheritance ‘typically’ holds when s = o(n), by the following result of D. Mubayi and V. Rédl [9] (which
we call the ‘grabbing lemma’).

Theorem 1.1 (Mubayi, R6dl [9]). For all integers k, 0 < p < 1 and ¢’ > 0, there exist { > 0 and
integers s and ng so that, whenever G*) is a (p, €)-uniform k-graph on vertex set [n], n > ng, then all
but exp{—s'/*/20} (") sets S € (") span (p,(’)-uniform subhypergraphs GF[S].

The first result in the direction of Theorem 1.1 is due to R. Duke and Rédl [4], who proved a similar
statement for £ = 2. They used their result to show that, if a graph G on n vertices cannot be made k-
colorable by deleting o(n?) edges, then G contains a subgraph on O(1) vertices which is not k-colorable,
confirming a conjecture of Erdés. Theorem 1.1 extended a result of N. Alon, W. Fernandez de la Vega,
R. Kannan and M. Karpinski [1], where (in the context above) exp{—s'/*/20} is replaced by 1/40. Here,
we consider a statement (Theorem 1.5, below) like Theorem 1.1 for a different context of hypergraph
‘uniformity’, and will then infer Theorem 1.1 as a corollary. Before we state our main result (which
requires some preparation), we make a few general remarks.

All results in this paper concern ‘partite’ k-graphs, where a k-graph G®) is ¢-partite with ¢-partition
V(G*) = Uy U---UUy, if each of its edges meets each U;, 1 < i < £, at most once, i.c., all edges
of G®) cross the vertex partition. Theorem 1.1 is equivalent! to a k-partite version thereof, which we
now present. For G®) with k-partition U; U --- U Uy, and for S = (S1,...,S%), where 0 # S; C U;,
1 < i <k, we write G®[S] = G n (SlU','C'US") for the subhypergraph of G*) induced by S, and
dga (S) = |G®[S]|/(|S1]---|Sk|) for the density of G*¥) w.r.t. §. To conserve terminology, we say
that G®) is (p, ¢)-uniform if for all such § = (S,...,Sk) where |S;| > ¢|U;|, 1 < i < k, we have
dga (S) = p £ (. The following version of Theorem 1.1 mirrors one in [9].

Theorem 1.2. For all integers k > 2 and ¢’ > 0, there exist {, ¢ > 0 and integers so and ng so
that, whenever G*¥) is a (p,)-uniform k-partite k-graph with k-partition V(G®) = U, U --- U Uy,
where p € [0,1] and |U;] = n; > no, 1 < i < k, then for all so < s; < n;, 1 < i@ < k, all but
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LThe equivalence follows by a standard application of the ‘weak’ hypergraph regularity lemma (see [9]).
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exp{—c min{s; : 1 <i < k}} ngz’gk (2“) k-tuples S = (S1,...,Sk) of sets S; € (2]:), 1<i<k, yield
(p, ¢")-uniform k-partite k-graphs G*)[S].

It suffices to prove Theorem 1.2 in the case that so = ns,...,sy = ng. That is to say, iterating the
following statement yields Theorem 1.2.

Theorem 1.3. For all integers k > 2 and {y > 0, there exist ( = (rhm. 1.3 > 0 and ¢ = ¢Thm. 1.3 > 0 and
integers Sg = SThm 1.3 and Ng = NThm. 1.3 SO that, whenever G") s q (p, ¢)-uniform k-partite k-graph
with k-partition V(G®)) = Uy U --- U Uy, where p € [0,1] and |U;| = n; > no, 1 < i < k, then for
all so < s < ny, all but exp{—cs}("}) sets S € (LQ) yield S = (S,Us,...,Uy) for which G®)[8] is
(p, Co)-uniform.

We shall deduce Theorem 1.3 (in Section 4) from our main result (Theorem 1.5, below) together with
an application of a hypergraph regularity lemma of Rodl and Schacht [11] (presented in Section 3). We
now prepare to state our main result.

For positive integers j < £ and a vertex partition V; U--- UV, an (£, 5)-cylinder HY) is an (-partite
j-uniform hypergraph with the vertex partition above, i.e., HY) is a subset of KW (Vq,...,V,), the
complete (-partite j-graph. For a positive integer i < 7, let K;(HU)) denote the family of all crossing
i-element subsets which span complete subhypergraphs in H). We say that an (¢, 5 —1)-cylinder HU-D
underlies an (£, j)-cylinder HU) if HW) C ;(HU~V). For an integer h < ¢, an (¢, h)-complex H is a
collection of (£, j)-cylinders {HW}"_, where H) = V4 U--- UV, and where HU™Y) underlies @) for
2 < j < h. The following definition provides central density and regularity concepts of this paper.
Definition 1.4. Let constants d,ds, . ..,dy € [0,1] and € > 0 be given.

(1) For a (j,j)-cylinder HY) with an underlying (j,j — 1)-cylinder HU=Y, let QU-D C HU-D,
The density of HU) w.r.t. QU= is d(HW|QU-D) = |HW N K;(QU-)|/|IK,;(QU~1)|, when
K;(QU=Y) % 0, and 0 otherwise.

(2) A (j,4)-cylinder HY) is (e, d)-regular w.r.t. an underlying (j, j — 1)-cylinder HU~Y if, whenever
QU= € HU=Y satisfies |K;(QU—Y)| > e|K;(HU~Y)|, then d(HW|QU-Y) =d+e.

(3) An (¢, j)-cylinder HY) is (¢, d)-regular w.r.t. an underlying (¢, j —1)-cylinder HU~Y) if, for every
Ae ([f]), HD[U,ep Vil is (e, d)-regular w.r.t. HO=D[J, .5 Vi

(4) An (¢, h)-complex H = {H(j)}?:l is (¢, (da, ..., dp))-regular if, for every j = 2,...,h, HY) is
(e,d;)-regular w.r.t. HU=1).

We prove our following main result in Section 2.

Theorem 1.5 (Grabbing Lemma for Complexes). For all integers k > 2 and constants ds, . . ., dg_1,€ >
0, there exist € = epm. 1.5 > 0 and ¢ = crhm. 1.5 > 0 and integers so = SThm. 1.5 and My = MThm. 1.5 SO
that, whenever H = {H(j)};?:l is an (g, (da,...,dx_1,dy))-reqular (k,k)-complex, where dy, € [0,1] and
Vil = m; > mg for 1 < i <k, then, for all s < s < mq, all but exp{—cs}("zl) sets S € (‘?) yield
S = (S, Va,..., V&) for which H[S] def {HW[S] ks an (¢, (da, . .., dg))-regular (k, k)-complex.

We conclude this introduction with two facts used throughout this paper. The first fact is the well-
known Chernoff-Hoeffding inequality (see [6]):

If a random wvariable X has hypergeometric distribution and € € (0,3/2], then
Pr(X -EX|>c¢EX) <2exp{ -5 EX}. (1)

The second fact is a ‘warm-up’ to Theorem 1.3, and asserts that induced subhypergraphs typically inherit
correct density.

Fact 1.6. Letn > 0 be given and suppose G*) is a p-dense k-partite k-graph with k-partition Uy U- - -UUy,
where each |U;| = n; > ng(n). For 24/n'° < s < ny, all but exp{—(n®/6)s}("!) sets S € (U;) render
S = (S,Us,...,Ux) for which dgu(S) = p+n.
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Proof. Without loss of generality, take 0 < 1 < 1/8 to satisfy 1/n> ¢ N. For a vertex u € Uy,
let G = {(K\{u} :ue€ K€ G®} Foriecl=]/[1/n?],letUj ={uclU :(G-1n*<
g (U, ..., Uy) < in*} and write [T = {i € I : |U{| > n*ny} and I~ =T\ I". Then (p — 2n*)n; <
Yier+ 2ouevi g (U2, ... Ux) < pny and so Y+ iU = (p £ 20*)ny. For S € () selected
uniformly at random and i € I'", the Chernoff-Hoeffding inequality (1) ensures

P[3ie It :|SNU;| # (linQ)niJUﬂ] <2[n *exp{ - 77—Ali|Uﬂ} < T;%exp{ — %ss} <exp{-— %88}.

3TL1

Consider the event that for each i € I, [SNU}| = (1 + nz)nil|Uﬂ. Then dgw (S) is at least

2 . .
I Y g Uaye U) 25N (i = )ISAUL| > (L=n*)(p—20°) = = p— 40 > p—1,

i€t uesSNU; ielt
and similarly, dgo (S) < (1+n0*)(p+20*) + s 3 ,c,- |SNUY|. Since >, ;- [SNUf| =s—> 7+ 15N
Uil <s—(1- nz)nil i+ UL < 3n?s, we obtain dgu) (S) < p+8n* < p+1. O

Acknowledgement. The authors are indebted to the referees for their very careful reading and insightful
comments, which improved the exposition of this paper.

2. PROOF OF THEOREM 1.5

Notice that, in Theorem 1.5, the constant dy € [0,1] is quantified after da,...,dr—1 € (0,1] (and,
allowed to be zero). We consider the following analogous statement where all da, ..., dx_1,d; > 0 are
quantified together, and up front.

Theorem 2.1. For all integers k > 2 and constants ds, . .. ,dg_1,dr, e’ > 0, there exist € = eTym. 2.1 > 0
and ¢ = ¢Thm. 2.1 > 0 and integers so = SThm. 2.1 and My = MThm, 2.1 S0 that, whenever H = {H(j)};’?zl
is an (g, (da, ... ,dg—1,dy))-reqular (k, k)-complex, where |V;| = m; > myq for 1 <1i <k, then, for all 59 <

s < my, all but exp{—cs} (™) sets S € (Vl) yield S = (S, Va, ..., Vi) for which H[S] &ef {H(j)[S]}";:l

is an (&, (da, ..., dy))-regular (k, k)-complex.

Clearly, Theorem 1.5 implies Theorem 2.1, but these statements are, in fact, equivalent. We establish
that Theorem 2.1 implies Theorem 1.5 in the Appendix. In the remainder of this section, we prove
Theorem 2.1. To that end, our proof takes place in three steps. In Section 2.1, we prove Theorem 2.1
for k = 2. In Section 2.2, we show that the case k = 2 implies the case when, in the complex H,
HFE=D = KE=DV;, .. V], In Section 2.3, we show the latter case implies Theorem 2.1 in full.

2.1. Proof when k = 2. The proof of Theorem 2.1 when k = 2 is well-known (and short). We include
it here for completeness, and to that end, use the following lemma of Alon et al. [2] (adapted from [3]).

Lemma 2.2. Let d > 0 be given and let F be a bipartite graph with bipartition X UY . If0 < 4p < d? and
Fis (p, d)-regular (w.r.t. X UY ), then all but 2u| X | vertices x € X satisfy deg(x) = (d£ p)|Y|, and all
but 4p| X |? pairs x, 2" € X satisfy deg(z,2') = (d & p)?|Y|. Conversely, if | X|,|Y| are sufficiently large
w.r.t. d,p and all but p|X| vertices x € X have deg(x) = (d + p)|Y| and all but p|X|* pairs x,2' € X
have deg(x,x") = (d + p)?|Y|, then F is (3u'/°, d)-regular.

Proof of Theorem 2.1 (k=2). Let da,e’ > 0 be given. Set ¢ = d3(¢'/5)% and ¢ = (eds)?/24. Let
sp > 96/(e3d3) be large enough (as a lower bound on | X|,|Y]|) to enable an application of Lemma 2.2.
We take mq, ms sufficiently large whenever needed. Let H = H® be an (e,da)-regular bipartite graph
with bipartition H(1) = Vi U Vi, where |Vi| = my and |[Va| = ma. For 5o < s < my, let S € (‘;1) be
chosen uniformly at random. For vertices v, vh € Vo, write degg(va) = [Ny (v2) N S| and degg(ve, vh) =
|Ng(vg,v5) N S|, where N (va,v5) = Ny (v2) N N (vh). Let V4 be the set of vertices vy € Vo for which
deg(vz) = (dg2 £€)m; and let (‘gz)’ be the set of pairs {ve, v4} € (\gz) for which deg(vq,v}) = (da £¢)%m;.
For fixed vy € VJ, the Chernoff-Hoeffding inequality (1) gives

P[degg(va) # (d2£3¢)s| < P[degg(ve) # (1£e)Edegg(va)] < 2exp{—§(d2—€)s} < 2exp{—%dgs}.
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Similarly, for fixed {va,v5} € (‘22)/, we have P[degg(ve, vh) # (da + 3¢)%s] < 2exp{—(e?/12)d%s}. Now,

define V; 4 C V; to be the set of vertices v € V3 for which degg(v2) # (d2+3¢)s and define (‘22); C (‘g)/

to be the set of pairs {vq,v4} € (‘22)/ for which degg(ve, vh) # (d2 £ 3¢)%s. By the Markov inequality,
]P’UVQ'S| > emy or |(‘g“);| > smg] < %exp { — %d25}+§ exp { — %d%s} < exp { - %d%s} = exp { fcs}.

The event [V; g < ema and ‘(‘22)/5’ < em3 implies H[S, V5] is (¢/,dy)-regular. Indeed, by Lemma 2.2,
[V2\ V3| < 2emq so that with |V2’75| < emg, we have all but 3emg vertices ve € V3 satisfying degg(v2) =
(d2 £ 3¢)s. By Lemma 2.2, (22) \ (\gz)’| < 4em3 so that with |(‘g2);‘ < em3, we have all but 5em3
pairs {vq,v5} € (22) satisfying degg(va,v) = (da & 3¢)%s. As such, Lemma 2.2 says that HI[S, V3] is
(3(5¢)1/%, dy)-regular, and so is (&', dy)-regular. O

2.2. Proof for complete underlying cylinders. We use the following lemma of Kohayakawa, Rodl
and Skokan [7], which is an extension of Lemma 2.2. Let FY be a (4, j)-cylinder with V(FW)) =
X, U---UX;. For z,y € V(FYW), let FI = {J\{z}: 2 € J e FU} and .7-}%) = 7Y ﬂ]-'gsj). Let
KQ(JJ) denote the complete j-partite j-graph with 2 vertices in each class and let Ky ;(F (j)) denote the
family of all (2j)-element subsets of V' (F()) which span a copy of Kéjj) in FU). Lemma 2.3 establishes
the equivalence of the following three statements:

Si(d,m) : FU) is (g, d)-regular (w.r.t. KU"D[Xy, ... X;)).

Sao(d,n2) : All but 72| X1 | vertices z € X; satisfy that F9 s (12, d)-regular (w.r.t. KU=2)[X,,..., X}])

and all but 73| X1|? pairs x, 2’ € X satisfy that fii)/ is (12, d?)-regular.

S3(d,m3) : FD has density dgo) (X1, ..., X;) = dns and [Koj (FO)| = (1£s)(d£n3)* [T, (5.
Statements Sy, So and S3 are equivalent in the following sense.
Lemma 2.3 (Kohayakawa, Rodl, Skokan [7]). Let j > 2 be an integer, let d > 0 be given and fix
1 <a,b<3. Foralln, >0, there exists m, > 0 so that whenever FY9) is a (j,7)-cylinder (as above) with
each | X1|,...,|X;| sufficiently large, then, if FU) satisfies Sy(d,m), then it also satisfies Sq(d,n,).

Proof of Theorem 2.1 (complete underlying cylinders). Let integer k > 3, dy, e’ > 0 be given. We define
the promised constants ¢, ¢, sg in terms of auxiliary constants (and provide a summary of constants below
in (2)). Let 97 = NLem. 2.3(dk,€’) be the constant guaranteed by Lemma 2.3 to satisfy S3(dg,n7) =
S1(dk,€") (with j = k). Set
. k k k
ne = tmin{n? ,d; — (dp —n7)* }

and let 75 = NTnm. 2.1,k:2(dik_1,776), Cs+ = CThm. 2.1,k:2(dik_la7767775) and s, = STum. 2.1,k:2(dik_1,7767775)
be the constants guaranteed to exist by Theorem 2.1 (k = 2). (As we shall use, the proof of Theorem 2.1
. k ok

(k = 2) gives ¢, = ds n2/24.) Set gy = (n5/3)° and 13 = d2272 ny. Let 12 = Nrem. 2.3(dk, 13) be the con-
stant guaranteed by Lemma 2.3 to satisfy both S (dk,n2) = Ss(dg,n3) and S1(dz,n2) = Ss(dz,n3)
(with j = k—1). Let 71 = 7pem. 2.3(dk,n2) be the constant guaranteed by Lemma 2.3 to satisfy
S1(dp,m) = Sa(dy,n2) (with j = k). Definee = ny, ¢ = ¢, /2 and 5o = max{s,, 4/c,2/(d2 n7),24/ni}.
Note that all constants above can be summarized by the following hierarchy:

5 :
m= (%) >n= di272k774 S >m=c

di, €' > m7 > ne > 15 > 2k
max{c* _ At QC7L} > min{c., 2} > L.
Sy Sy S0

(2)

We take mg sufficiently large with respect to all constants above whenever needed. Now, let H*) be a
(k, k)-cylinder with vertex partition V; U--- U V4, where for each 1 <14 < k, |V;| = m; > mg, and where
H®) is (e, dy)-regular (w.r.t. KE=D[V;, ... Vi]). For given sg < s < my, we show all but exp{—cs} (™Y
sets S € () yield S = (S, Va, ..., Vi) for which H®)[S] is (¢', d)-regular.

We use the following auxiliary bipartite graph F' with bipartition V(F) = X UY, where X = V; and
Y = Ko 1 (K*Y[Va,...,Vi]). Note that | X| = m; and |Y| = Hf:z (). Forz € X and y € Y, let
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{z,y} € Fifand only if y € Ko — 1( ) We claim that F' is (775,dk )—regular, and more strongly
(cf. Lemma 2.2) that
all but 04| X| vertices z € X satisfy degp(z) = (d%ki1 +m)|Y|
and all but 74| X |? pairs {z,2'} € (3) satisty degp(z,2’) = (leki1 + n4)2|Y|. (3)
To see (3), observe first that for each {z,2'} € (3), degF = |Kap-1( Hm )| and degp(z,2’') =
|IC27]€—1(H¥;)’) ’ k) is (€,dk)—

regular, Lemma 2.3 (S; = S,) asserts that all but n|V;]| vertices z € V; satisfy that Hg(gk)
(12, di)-regular, and for a fixed such « € V4, Lemma 2.3 (S; = S3) also asserts that

2k—1

k
Ko (H) = (L ms)(die £ 03)> [ (%) = (2" £m4) Y.
1=2

This establishes the ﬁrbt assertion in (3), and an analogous argument establishes the second one.

Since F'is (75, di ")-regular, Theorem 2.1 (k = 2) ensures that all but exp{—c,s} (") sets S € ()S() =
(‘Z}) satisfy that F[S,Y] is (ne, d% Yeregular. For V = (Vi,..., Vi), set d = dypy (V) s0 that d = dj, +e.
Fact 1.6 ensures that all but exp{—(n§/6)s} (™) sets S € (‘;1) satisfy that dyw (S) = d£ne = di £ 7.
Fix a set S satisfying both conditions, noting that a proportion of at most exp{—c..s}+exp{—(n5/6)s} <
exp{—5s} = exp{—cs} sets of ()S() would not. Since F[S,Y] is (7, d%kil)—regular7 Lemma 2.2 says that
all but 2ns|Y| vertices y € Y satisfy degg(y) = (diki1 + 7g)s. The construction of the graph F ensures
Kok (HPS])] = X, ey (©55¥)), and so

ok (HOS)| < (@ +6) 5 V| +mes?[V] < (d7 +5m6) (1 + 747) ()Y
k
< (4 (d +n2 ) QIS Q)+ Q)T (5, and
i=2
[ e (HP[S])] > (& ~ n6)2§(1 ﬁ)(lﬂ —206]Y1) = (1 =) (d —4ns) (3)[Y]
k k
> (1= n7)(dy — 17)? H = [Ken(HPS))] = W £ np)(de £00)* () [T (%) -
o i=2
But now, HF)[S] has density dy ) (S) = dy, £ n7 and satisfies the estimates above so that Lemma 2.3
H
(S3 = S;) implies that H*)[S] is (&', dy)-regular. O

2.3. Proof of Theorem 2.1. We now prove that Theorem 2.1 follows from the special case of the
previous subsection. A tool in our argument is the following ‘dense counting lemma’ of Kohayakawa,
Ro6dl and Skokan (Theorem 6.5 in [7]).

Lemma 2.4 (Dense Counting Lemma). For all integers £ > j > 2 and v,d;,...,d2 > 0, there exist
an € = €Lem. 2.4 > 0 and a positive integer mg = Myem. 2.4 SO that whenever H = {7‘((}1)}2:1 is an
(e, (da, ..., d;))-regular (£,7)-complex with |Vi| = m; > mq for 1 < i < €, then [K,(HW)| = (1 £

G

¢
) [Tha dp % [Tizy ma.

Proof of Theorem 2.1. Let integer k > 3 and dg,dg_1,...,d2,e" > 0 be given. Without loss of gen-
k—1

erality, assume & < % 2 ;d}(L h ) We define the promised constants €, ¢, sy in terms of auxiliary

constants. For 3 < j < k, let é; = erem. 24(j,7 — 1,1/2,dj_1,...,d2) and 1h; = Mpem. 2.4(J,J —

1,1/2,d;_1,...,ds) be the constants guaranteed by Lemma 2.4. We shall assume, w.l.o.g., that 2¢’ <

min{éSa v aéka Hf 21d§J} For 2 S J S ka let €5 = €Thm. 2.1, comp(dj7 (5/)2)7 Cj = CThm. 2.1, comp(djv (5/)2)
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and $; = SThm. 2.1, comp(dj (¢)?) be the constants guaranteed by Theorem 2.1 (for complete underlying
cylinders). Set

£= %min{s%, = %min{CQ, ...y¢ipt and sg = max{sa, ..., Sk, M3, ..., Mk, 2k/c}.
We shall take my sufficiently large whenever needed. With these constants, let H = {HU )}?:1 be an
(e, (da,...,dy))-regular (k,k)-complex, where |V;| = m; > mg for each 1 <4 < k. Let s9 < s < my be
given. We prove that all but exp{fcs}(”;l) sets S € (‘?) yield S = (S, Va, ..., Vi) for which H[S] is an
(€', (da, ..., dg))-regular (k,k)-complex.
We prove, by induction on 2 < j < k, that for each choice of indices 2 < iy < --- < i; <k,
J
all but ( Z 1) exp{—c;s} sets S € (Zl) satisfy that
=2

HI[S, Vi, ..., Vi,]is an (¢, (da, . .., d;))-regular (j,j)-complex, (4)
where HW = {HM} . Theorem 2.1 then easily follows from (4) with j = k. Note that (4) for

j = 2 holds on account of the first subsection. Now, fix indices 2 < iy < --- < i; < k, wlo.g,
i =2,...,1i; = j. If (4) holds through 2 < j — 1 < k, then all but
j—1 j—1
(") 22 GED) (=5) expl=aist = (0) D_ (171) exp{—cis}
i=2 i=2

sets § € (V1) yield § % (8,Va,...,V;) for which HU™V[S] = {HW[S]} ! is an (¢, (da, ..., d;_1))-
regular (j,7 — 1)-complex. Let us denote the collection of these sets S by ( Y ;- Verifying (4) then
reduces to showing that

all but exp{—c;s} (™) sets S € ( )<] (5)

yield S = (S, Va,...,V;) for which HW[S] is (¢',d;)-regular w.r.t. HU~VD[S]. To that end, write H")
in place of HM[V7,.. V], 1 < h < j, so that HY) = {H(h)}ilzl is an (e, (da, ..., d;))-regular (j,j)-
complex (H) = V3 U---UVj) satisfying that all sets S € (V1)<, yield 8 = (S, V4, ..., V;) for which

HYUY[S] is an (¢/, (da, . .. ,dj_1))-regular (j,7 — 1)-complex. We make the following claim.

Claim 2.5. There ezists a (j, j)-cylinder HY) with vertex partition V.= (V4, ..., V;) which is (2e1/2, d;)-
regular w.r.t. KU=V[V] and for which HY) = HY) N IC;(HU~D).

Now, by Theorem 2.1 (complete underlying cylinders), all but exp{fcjs}("zl) sets S € (VI) < yield

S

HO[S] which is ((¢')?,d;)-regular (w.r.t. KU~1[S]). We claim that any such S € (Zl)q. also satisfies

that HU)[S] is (¢, d;)-regular w.r.t. HU~D[S]. Indeed, fix such an S € (V1)<j and let QU1 C

S

HU=D[S] € KU=D[S] satisty |K;(QU=1)| > &'|[K;(HY=Y[S])|. Lemma 2.4, implies

-1 j j
i (HU=DIS])| > %Hd,(f) stmi >5’5Hmi = |K;(QU7Y)] SHml
h=2 i=2 i=2
Since HY)[S] is ((¢')?, d;)-regular, we have IHD[SINK;(QU—D)| = (dj+e")|K;(QU—D)]. Since QU1 C
HU=D, Claim 2.5 implies H[S] N KC;(QU~V) = HW[S] N K,;(QU~Y), which proves (5). O

Proof of Claim 2.5. We define H) by adding to H) each j-tuple J € KW [V]\ K;(HU~D) indepen-

dently with probability d;. Clearly, H() = HU) N [C;(HY—D). Standard details now show that, w.h.p.,

HW s (2212, dj)-regular. Indeed, let QU-D € KU-D[V] satisfy [K;(QU~)| > 22T, m def

2e1/2M. Write QU-1D = QU-1 ﬂ HU-D and observe that K;(QU=D)y N K;(HU-Y) = K (Q vn
HUD) = K;(QUY). Since HW N KC;(QUY) = HWD N K; (QJ D), the (e,d;)-regularity of H()
w.r.t. U= implies |HY) mcj(g(i—1>)| = (d, ia)|/cj(g<j—1>)| if [IC;(QU-V)| > e|K;(HU—Y)|, and
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is at most eM otherwise. From the Chernoff-Hoeffding inequality (1), we have with probability 1 —
exp{—Q(M/log M)} that [HG) (1 (J;(QU~D) \ KC; (HU-D))| = (d; + o(1))|KG;(QU D)\ K;(HU~ D) if
IK;(QU-D)\ Kj(HU=D)| > M/log M, and is at most M/log M otherwise. Altogether, we conclude
that with probability 1 — exp{—Q(M/log M)} (recall |K;(QU~1)| > 2:1/2M),

‘ﬂ(j)ﬂlC»(Q(j_l)ﬂ<(d-+£+0 )|IC ou-1 |+£M—|—10M g(d +251/2)‘IC Qu- 1))‘, and
[HD N (QUD)| > (dj — e — o(1))[IG;(QU )| —eM — bz > (d; — 2'/2) [K,;(QUY)].

Since there are at most 2MXi—im." = exp{o(M/log M)} sub-hypergraphs 0U—1 C KU-D[V], we
conclude that, with probability 1 — o(1), HY) is (2¢'/2, d)-regular. O

3. REGULAR-APPROXIMATION LEMMA

In this section, we state a regular-approximation lemma (Theorem 3.4) from [11]. We then state and
prove a related proposition (Proposition 3.6).

3.1. Regular-approximation Lemma. The regular-approximation lemma for k-uniform hypergraphs
provides a well-structured family of partitions &2 = {221 ... 2F=D1 of vertices, pairs, ..., and
(k —1)-tuples of a given vertex set V. We describe the form of these partitions inductively (cf. [10, 11]):
(a) Let 2 = {V,.. -» Vi |} be a partition of V. Relatedly, for 1 < j < | 2| let
e Cross; (32(1)) be the family of all crossing j-tuples J;
e B be the (auxiliary) partition of Cross;(2?(")) with classes KW[V;,,...,V;], 1 < iy <
c<iy < |2
(b) Fix an integer 1 < j < k — 1. Assume that, for each 1 < i < j — 1, a partition 2 of
Cross;(Z()) has been defined which refines %("). (These partitions will, inductively, satisfy a
stronger condition revealed in the inductive step.) Relatedly,
e for each I € Cross;_1(2W), write PU~V(I) for the unique partition class in 2U~Y that
contains [;
o for each J € Cross;(2(), define the polyad of J by PU=1(J) = J{PU-D(I): I € (jil)},
which (since 22U~1 refines £V ~1) is the union of the unique collection of j distinct
partition classes of 2U~1 each containing a (j — 1)-subset of .J;
e define the family of all polyads 2U—1) = {ﬁ(jfl)(J): J € Cross;(2W) }, and view -1
as a set with elements PG~ e 20~1_ (In particular, note that PG (J) and PU-1(J")
are not necessarily distinct for J # J'.)
(c) Let 2 be a partition of Cross;(2(1)) which refines the partition {/;(PU~D): pU-1 ¢
2=} (which, in turn, refines the partition 2()). Note, in particular, that
e the set of cliques spanned by a polyad in P61 s sub-partitioned in 22\);
e every partition class in 22U) belongs to precisely one polyad in Z2U—1).
This concludes our description.

We continue by defining some considerations and notation related to a family & as described above.
First, note that for each 1 < j<k—1and J € Cross](@(l)) ﬁ(j_l)( J)e 2@ is a (J, 4 — 1)-cylinder.
More generally, for 1 < i < ], note that ’P() U{P (1 (i)} is a (j,1)-cylinder, and
therefore, P(J) = {PO(J)} | isa (j,j — 1)—c0mplex. When we drop the argument J and write PU~1)
for PU ~1)(.J), we shall correspondingly write

Ppi-n =P]). (6)

In context, we want to control the number of partition classes from 22\) contained in Kj(’ﬁ(j —1) for
a fixed polyad PU—1 e 22U~ The following definition makes this precise.
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Definition 3.1 (family of partitions). For a vector a = (a1,...,a,_1) of positive integers, we say
P =Pk—1,a)={2V, ... 2FE D} js g family of partitions on V if 21 is a partition of V into
ay classes and PY9) is a partition of Cross;(2WM) refining {K;(PU=D): PU-1 e 2G-D} where, for
every PU—1D e 201 |{p) e 2. PU) C K;(PU=D)}| = a;. Moreover, we say P = P(k —1,a)
is t-bounded if max{ay,...,ap_1} < t.

We also want the families & to be ‘equitable’, in the following sense.

Definition 3.2 ((e,a)-equitable). Suppose € > 0, a = (a1,...,ar—1) s a vector of positive integers
and |V| =n. We say a family of partitions &2 = P (k —1,a) on V is (€, a)-equitable if ||V;| —|V;|| <
1 for all i,j € [a1] and if for every P*1 e PFE=V the (k k — 1)-complex Ppw-v (cf. (6)) is
(e,(1/ag,...,1/ak—1))-regular. For n > 0, we say the (g, a)-equitable family of partitions & is (n,e,a)-
equitable if, additionally, |[V]* \ Crossy(2M) | < n(}).

The following definition describes when a hypergraph is ‘perfectly regular’ w.r.t. a family of partitions

L.

Definition 3.3 (perfectly e-regular). Let ¢ > 0 be given. Let H*®) be a k-graph on vertex set V and
let Z = P(k—1,a) be a family of partitions on V. We say H®) is perfectly e-regular w.r.t. 2 if for
every P*=1 € =1 we have that H® NIC, (PF=V) is (e, d)-regular w.r.t. P for some d € [0,1].

The regular-approximation lemma of Rodl and Schacht is given as follows (see Theorem 14 of [11]).

Theorem 3.4 (Regular Approximation Lemma). Let k > 2 be a fized integer. For all positive con-
stants n and v and every function e : NF~1 — (0,1], there exist integers t = trnm. 3.4 and Mo = NThm. 3.4
so that for every k-uniform hypergraph G*) with |V (G¥)| = n > ng, there exist an (n,e(a”),a?)-
equitable and t-bounded family of partitions P = P(k —1,a?) and a k-uniform hypergraph H*) which
is perfectly e(a”)-reqular w.r.t. 2 and where |GF AHF)| < vnk.

In Remark 3.5 below, we describe a ‘k-partite’ version of Theorem 3.4, which was not specifically
stated in [11], but which follows? from the proof in [11].

Remark 3.5. In Theorem 3.4, suppose G) is k-partite with k-partition V(g(k)) =U,U---UUy.
If each |U;| = n;, 1 < i < k, is sufficiently large, then the vertex partition 20 = {V;,...,V,,} of
P =Pk — 1,0,32) can be taken to refine Uy U --- U Uy, i.e., for each 1 < j < aq, there exists 1 <i < k
so that V; C U;, and for each 1 < i < k, there exist b; and indices 1 < j; < --- < jp, < a; so that
U; = Vj U---UVj, . In this case, we shall rewrite AON {Vi,..., Vo, } as 21 = {Vij :1<i<
k, 1 <j <b;} (sothat a; = by + -+ + b), where for each 1 < i < k, U; = V;; U---UVj, and where
||Vij| — |Virjr|| <1 for each 4,4’ € [k] and (4, 5") € [b;] x [b]. In this context, the hypergraph H*) can be
taken as k-partite and where |GFAHF)| < vny - -ny.

3.2. Equitable partitions and (d,¢)-uniformity. Suppose H*) is perfectly e-regular w.r.t. (¢, a)-
equitable family of partitions 2. For a sequence of k vertex classes V from () the following propo-
sition asserts that H*)[V] is (dy) (V), §)-uniform.

Proposition 3.6. For all k > 2 and a = (a1 = k,a9,...,ax—1) and § > 0, there exist ¢ > 0 and
positive integer mq so that the following holds: Suppose P = P(k — 1,a) is an (g, a)-equitable family
of partitions on a set X where 1) = (X1,...,Xk) =X, ie., X =X U---UXy, and suppose that a
(k-partite) k-uniform hypergraph H®) with vertex set X =V (H®) is perfectly e-reqular w.r.t. 2 where
X1l | Xg| > mo. Then H®) = HW®[X] is (dyyr) (X), 8)-uniform.

2A well-known feature of graph (hypergraph) regularity lemmas is that, if a given graph (hypergraph) is equipped with
a fixed vertex partition, then a ‘regular partition’ of this graph (hypergraph) can be ensured which refines the given vertex
partition. For example, Gowers [5] formulated his hypergraph regularity lemma in this way.
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Before we may give the proof of Proposition 3.6, we require the following observation. In the context
above, fix a polyad P*=D € 2¢=1 and let W = (W1, ..., Wi), W; C X;, [W;]| > 6|X,], 1 <i < k be
given. Since & is (g, a)-equitable, P = P sy, (cf. (6)) is (e, (1/az,...,1/ar_1))-regular. We need this
regularity to be preserved when P is induced on W.

Fact 3.7. Forallj > 1> 2 and d;,...,ds,€ > 0, there exist € = €pact. 3.7 > 0 and positive mg so that
whenever P = {PMW} _ s an (¢, (dz, ..., d;))-regular (j,1)-complex with j-partition PV = X1U- - -UX;,
| Xo| > mo, 1 < a < j, then for all vectors W = (Wh,...,W;) of subsets W, C X,, |W,| > &|X,],
1<a<yj, the (j,i)-complex P[W] = def {(PWW}i _, is (&, (da, . .., d;))-regular.

Proof of Proposition 3.6. Let k > 2 and a = (a; = k,aa,...,a,_1) and § > 0 be given. Set v = §*/5
and let 1 = epem. 2.4(k, k—1,7,1/ak—1,...,1/a2) > 0 be the constant guaranteed by Lemma 2.4 (dense
counting lemma). Let €2 = epact. 3.7(k, K — 1,1/ax_1,...,1/as,£1) > 0 be the constant guaranteed by
Fact 3.7. Set € = min{~*/4, 1,2} and take my sufficiently large whenever needed. Let & = 2(k—1, a),
X and H*) be given as in Proposition 3.6 and let W = (W7, ..., W}) be such that W; C X;, |[W;| > 6| X,
1 < i < k. Observe that

HW = 3 [ HPAKPE) = YT dHWPED)K(PETY)], and
Pk—1)c gp(k—1) Pk—1)c gp(k—1)

HOW) = > HOAKPEIW) = Y dHPPED WK (PRI W)
Pk—1) c gp(k—1) Pk—1)c gp(k—1)

For a fixed P*~1) e 2(*-1 Fact 3.7 gives that Ppu-n W] is an (e1,(1/ag,...,1/ax_1))-regular
(k, k — 1)-complex. Lemma 2.4 therefore implies

PE-D W) = T ® NG
(Ke(PEDW)| = 1) [T (2) x WAl (Wil = 367 [T ()Y x [Xu]...|Xk|, and
=2 =2
k—1 (k)
| (P Ple— 1)|_ 1i7)H(a%>i 1X1]. ‘Xk|<2H X | X1 Xk (7)
1=2

Then |y (PE-D[W])| > ¢|Kp(PE=D)|, implying d(H® |[PE-D[W]) = d(H® |P*-1) £ ¢, and so
HP W] = > AHWPED) G (PEDW]) | £ > |k (PE=H W)

Ple-1) ¢ Fr(k—1) Plk-1) ¢ P(k—1)
w T ;
= dyw (W) ==+ (1£9) [ (2)" x S dHWPE),
=2 Pk—1)c g(k—1)
On the other hand, (7) also implies

k—1 k
b =0 [[HW < 3 amwpe) =
=2 Ple—1)c FP(k—1)
1-—- 1+7
g (X) =712 —e < lidﬁ(m (X) —e <dpyw (W) < lid’}—t(k)(X) e <dyw(X)+7% +e,
from which dy) (W) = dpo (X)) £ 6 follows. O

Proof of Fact 3.7. It suffices to prove the statement for j = ¢, on which we induct and where the
base case i = 2 is well-known (see Fact 1.5, in [8]). Now, let ¢ > 3 and d;,...,d2,& > 0 be given.
Let €1 = erem. 2.4(4,4 — 1,1/2,d;_1,...,d2) > 0 be the constant guaranteed by Lemma 2.4 and g2 =
EFact 3.7(1,7 — 1,d;—1,...,d2,€) > 0 be the constant guaranteed by our induction hypothesis. Take
e = tmin{é"!, 1,62} and myg sufficiently large. With these constants, let P = {P"}i | and vector
W of subsets be given as in the hypothesis of Fact 3.7. Let QU~1) C PU-D[W] satisfy |KC;(Q0~D)| >
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E|IC; (P [W])]. Since the (i,i— 1)-complex {PM[W]}, Y is (£, (da, . . ., d;—1))-regular (by induction),
Lemma 2.4 implies
(i-1) 1 i—1 (;L) i (-1) 3 i—1 (;L) i
KiPUDWD] > 5 [Ty > [T Wal and K(PO D) < 5 [T dy™ T 1Xl.
h=2 a=1 h=2 a=1
As such, [IC;(QU~D)| > ¢|K;(PU=1)| and so the (g, d;)-regularity of P w.r.t. PC—1 implies [PO[W]N
Ki(QU=) = [PONK(QUV)| = (di £ ) |IC:(QU ). O

4. PROOF OF THEOREM 1.3

Let an integer k£ > 2 and a constant (g > 0 be given. Without loss of generality, assume (y < 0.01 and
also assume k > 3, since the case k = 2 is, in fact, proven in Section 2.1. Our definitions of the promised
constants ¢ = (Thm. 1.3, C = CThm. 1.3 and Sg = SThm. 1.3 depend on auxiliary parameters which we now
define. For positive integer variables ag,...,ax—1, let €'(az,...,ak—1) = €prop. 3.6(k, a2, ..., ap-1,0 =
¢2¥) > 0 be the function guaranteed by Proposition 3.6. Let

e(ar,az,...,ak-1) = €rhm. 1.5(k,d2 =1/az,...,dp—1 =1/ax_1,€'(as,...,ap-1)),
CThm. 1.5(a2, ... ak—1) = crhm. 15k, do =1/ag,... dx—1 = 1/ag_1,€ (az,...,a5-1)), (8)
SThm. 1.5(a2, -, ap—1) = Sthm. 1.5(k,d2 = 1/ag,...,dy—1 = 1/ax_1,€'(az,...,ax-1))
be the functions guaranteed by Theorem 1.5 (¢ is constant in the variable aq). Let ¢t = tppm. 3.4(v =
Cék, e(ay,ag,...,ar—1)) be the constant guaranteed by Theorem 3.4. Set
SThm. 1.5 = MAX SThm. 1.5(a42,...,ax—1) and CThm. 1.5 = min{crnm. 1.5(a2,...,ak-1),1},
where the max and min above are both taken over 1 < ao,...,ap_1 < t. Define
1 3.2k+31n (2t 32k e rhm. 1.5
(= —, 50= —mop (21) and ¢=>20 20 9)
2t CO CThm. 1.5 24t

Now, with ¢ given in (9), let G**) be a (p, ¢)-uniform (k, k)-cylinder with k-partition V(G®*)) = U, U---U
Uy, where p € [0,1], and each |U;| = n;, 1 < i < k, is sufficiently large. For fixed sy < s < nj, we show
that all but exp{—cs}("!) sets S C (U;) yield 8 = (S, Uy, ..., Uy) for which G*)[8] is (p, {p)-uniform.

With v = (* and function e(ay,ag,...,ar_1) of (8), apply Theorem 3.4 (see Remark 3.5) to G(¥)
to obtain k-uniform hypergraph H®*) and (s(a”’),a?)-equitable and ¢-bounded family of partitions
P = P(k—1,a”) with respect to which H*) is perfectly e(a?)-regular and for which |G AH®)| <
vny -+ -ng. From this application, a3 = by + - -+ + by (recall the notation of Remark 3.5), as,...,ar_1
are now fixed, as are €’(ag,...,ax—1) and £(aq,...,ax—1) from (8), which we now abbreviate to &' and
€, resp. Note that, after this application of Theorem 3.4, the constants above relate as follows:

€
%,C0>>1/: ngmin{y,a—i,... L }>>8'>>€Zmin{ (10)

T k-1 2(:%>>max{i,c}.
We now consider some notation (see Remark 3.5). Fix j = (j1,...,Jk) € [b1] X -+ X [bg] 1T and

write Vj = (Vij,,...,Vij). Call § a typical vector if [(G®AHEF) V]| < vY2Vij ... |Vij,|, and
write Jiyp C J for the set of typical vectors. Clearly,

Jeyp| = (1 —20"2)|J] = (1 — 20" /2)by - - by, (11)

since otherwise, |g(k)AH(k)| > 2uby by - [n1/b1] - [nk/bk| > vng - ng. For a subset S C Uy, write
S;, =8NViy;, and S5 = (Sj,, Vajy, - - -, Vij,. ). More generally, for a vector W = (W71, ..., Wy) of subsets
W1 Q Ul,...7Wk g [Jk7 write WJ = (W1j17"'7Wk?jk)7 where szl = Wz N ‘/ZL for 1 S ) S k. Call
S e (Ul) a typical set if:

(1) |(g(k)AH(k))[S]| < 2vs-ny---ng, and for each j € [b1], s/(2b1) < |S;] < 2s/by;
(2) for each j € Jiyp, HF[S;] is (dpr (S5), (B¥)-uniform with dy, (Sj) = p £ 3¢3-.
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Theorem 1.3 is established by the following claim.

Claim 4.1. For each typical set S € ([{;), G*)[8] is (p, Co)-uniform. Moreover, all but exp{—cs} (")
many S € (Usl) are typical sets.

Proof of Claim 4.1 (first assertion). Fix a typical set S € (Usl), and then fix W = (Wy, ..., W), where
Wl c SaWQ c U27~"7Wk c Uk7 and

(Wil > Cos, [Wa| > Gonz, -y [Wi| > Cong (12)
To show that dgw) (W) = p % (o, it is enough to show
oo (W) = p 2. (13)

Indeed, GF[W] satisfies |G [W]| = |[HF[W]| £ [(GFAHEF)[W]|, where Condition (1) ensures
(GWAHI)W]| < |(GWAHD) S]] < 2wsnz- -1y, 2 268 s-n -1z As such, dga (W) = pC2+
208* ¢y " = p=£ o, where we used (12). To establish (13), let F*) € {H®) KF) = K®E[U,, ... U]} and
observe that |[F®[W]| = 3. [F®[W]|. Then > et |FOW ]| < [FRW]| < 80125 ng -y +
Zjejm, | FR)[W ]| follows from (11) and Condition (1), since any j = (ji,...,jx) € J\ Jiyp satisfies
(Wi, | < 185,] < 2s/by and [Wyj,| < |Vij| < [ni/bi], 2 < i@ < k. Now, call j = (j1,...,Jk) € Jiyp
big if [Wij,| > GFISil, (Wapl > GF|Vajl,- o, Wil > GB*|Vij,|, and write J38 C Jiyp for the
set of all big and typical vectors. Then ZjGJE’;i | FEW ;]| < Zjejtyp |F®OW ;]| < 4¢8Fsns -+ np +
5 st LFOIW ], since cach 5 = (7o, i) € Jip \ I satisfies Wiy, | < G315, | < 2G3¥s/br (see

typ
Condition (1)) or, for some 2 < i < k, |[W;j,| < ¢3¥|Viji| < ¢3*[ni/bi]. Using v = (¢* in (10) we have,
altogether,

| FOW]| = 2126 s g+ Y | FO[W,]|. (14)
JEILE
Now, fix j € JE;,%, and let F*) = H(*). Condition (2) implies that H*¥)[S;] is (p, 4¢2¥)-uniform, which
with j being big, [H®[W ;]| = (p £ 4¢2*)|[Whj, |-+ - |[Wij,.|. Then (14) yields [H®[W]| = £12¢3*s -
ng - -ny + (p £ 4¢3F) Zjejaili Wi |- |Wgj, | and so

‘H(k) [W]| = j:l2§§ks “ng oM+ (p + 4(3’“) UICU“) [WH + 12C§ks “ng - nk} ,
which implies dyy) (W) = p 4 4¢2F +24¢F = p + (2, where we used (12) (and (o < 0.01 and k > 3). O

Proof of Claim 4.1 (part 2). Using the definition, we enumerate the ‘atypical’ sets. For the first part of
Condition (1), apply Fact 1.6 with = v to the hypergraph D®*) = G A HF) (of density dpm (U) < v)
to conclude all but exp{—28s/6} (") = exp{—(§?*s/6} (") sets S € () satisty dpw (S) = dpw (U) £
v < 2v, so that |GF A HK)[S]| < 2vs-ngy - - -ny,. For the second part of Condition (1), fix j € [b1] and re-
call [n1/b1] < |Vi;| < [n1/b1]. By the Chernoff-Hoeffding inequality (1), all but 2 exp{—s/(12b1)}("}) <
2exp{—s/(12t)}("}) sets S € (Usl) satisfy s/(2b1) < |S N Vi < 2s/b;. Over all j € [by], all but
2by exp{—s/(12t)} (") < 2texp{—s/(12t)}("*) satisfy this property.

To argue the density assertion of Condition (2), fix § = (j1,...,Jk) € Jtyp. Observe that dgm (V) =
p £ ¢ since G is (p, ¢)-uniform and each V;;, C Vi, 1 <14 < k, satisfies |V;;,| > [n;/b;] > n;/(2t) = Cny
(cf. (10)). Now, since j € Jiyp, dyw(V4) = p+ ¢ £v1/2 = p£2¢*. Apply Fact 1.6 with an
arbitrary integer s/(2b1) < s;, < 2s/bi (where s/2by > s/2t is ‘large enough’ (cf. (9))) so that all
but eXp{_CéGksjl/G}(\‘gjjlll) < eXp{—CéﬁkS/(12b1)}(“§]:T‘) < GXP{—C(%%S/G%)}(";?l) sets Sj, € (‘23111)
satisfy dy (Sj) = dp (Vj) £ (3% = p £ 3¢3*. This implies that all but

16k i v 16k
exp{-Sgst D> (W) <ewn{ - S}
5/(2b1)<sj; <2s/b1
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sets S € (U;l) satisfy that s/(2b1) < |S;,] < 2s/by and that dyx (S5) = p £ 3¢3*. Over all j € Jiyp, we
have all but by - - - by exp{—({"s/(12)} (") < t* exp{—¢{s/(12t)}("}) such sets S.

We now argue the uniformity assertion of Condition (2), and in fact, we argue a stronger property.
To that end, fix j € Jy, and write &2; for the subfamily of & induced on the vertex partition V; and

@J(.k_l) for its corresponding family of polyads. For P(*—1) ¢ @;k_l), write Hgi)kfl) = H(k)ﬂlck(ﬁ(kfl)),
write Hp-1) for the (k,k)-complex consisting of Ppu-y) (cf. (6)) together with Hg?kq)
dpg-ry = (da, ... ydy_1,d(H®) |[P*=1))) Theorem 3.4 guarantees that Hpw-n[V;] is an (g,dpu-1))-
regular (k, k)-complex (cf. (8)). For an integer s/(2b1) < s;, < 2s/bi, Theorem 1.5 guarantees that
all but exp{—crnhm. 1,5sj1}(|‘2?ill) < exp{—CThm. 1.55/(2b1)}(“;1jil‘) < exp{—CThm. 1~5s/(2t)}(|‘;1j"11|) sets

S, € (‘21711) satisfy that Hp 1) [S;] is an (¢/,dp—1))-regular (k, k)-complex. This implies that all but

J
exp{—emges) Y () T0) <exp { - emgas) (7))
(‘}/(2b1)§8j1 SQS/bl

and write

sets S € (Usl) satisfy that s/(2b1) < [S;,| < 2s/by and that Hp_y)[S;] is an (¢/,dp—1))-regular
(k, k)-complex. Over all

(s) (651)

k
@J(‘k_l)} — a2(2) X ag NEERED ' ak71 S t2k7k and |Jtyp| S tk

polyads pk=1) ¢ @;kil) and j € Jiyp, all but 2" exp{—CThm. 1,55/(2t)}(”51) sets S € (Usl) satisfy
that, for each j € Jiyp and PF~1D € 2D 5/(2by) < |S),| < 2s/by and that Mpo_y)[S;] is a
(¢',dp(-1y)-regular (k,k)-complex. But now, fix such a set S € ([{:) and fix j € Jyp. Consider the
family 27;[S;] obtained by restricting 2?; to the vertex sets S; = (S}, Vajps-- -, Viji), 1-€., for each
2 < i <k — 1, replace the (i,7)-cylinder P € 22; with P¥[S;]. By our choice of S, 2;[S;] is an
(€', (a1 = k,aq,...,ar_1))-equitable partition of S;, UVaj, U---UVj;, with respect to which H*) [S;] is
perfectly ¢’-regular. Proposition 3.6 then guarantees that H*)[S;] is (dyw) (S;), (3*)-uniform.
Combining all estimates above, the number of atypical sets S € (USI) is at most

(exp{ — =5} +2texp{ — thysh +t5exp { — Gops} + 12 exp { - cmgras}) ()
. (9) :
<4t exp { - Semmn s (1) < exp { - igman s} (1) @ exp{—cs}().

]

5. APPENDIX

To prove that Theorem 2.1 implies Theorem 1.5, we use the standard fact below (Proposition 5.1)
with the following complementary parts: in an appropriate setting, (1), a ‘regular’ hypergraph can be
split into edge-disjoint and ‘regular’ subhypergraphs, and (2), the union of edge-disjoint and ‘regular’
hypergraphs is itself ‘regular’.

Proposition 5.1. Let H*~Y be a (k,k — 1)-cylinder, where V(H* D) = VU --- U Vi, |Vi| = my,
1 <i<k. The following statements hold:
(1) if F®) C KCp(H*=D) is (8, 0)-regular w.r.t. H*=1  where 0 < 26,p < 1/2 < o < 1, where each
m; > mo = mo(k,d) is sufficiently large, and where |ICk(H(k_1))| > (my----mg)/In(my -+ -my),
then there exists a partition F*) = fék) U fl(k) U---u fék), p = |o/p]|, where each .7-'1-(k),
1 <i<p, is (36, p)-reqgular w.r.t. H*=Y and where fék) is (36,0 — pp)-reqular w.r.t. HE=1;
(2) ifg§k), ce Q(Sk) C Kr(H* V) are pairwise disjoint, where each gi(’“), 1<i<gq,is (v,d;)-regular
w.r.t. HEY then GW = |JL_, g§"" is (q,d)-regular w.r.t. H*=Y where d = 31, d;.
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Statement (1) of Proposition 5.1 follows by a standard probabilistic argument using the Chernoff in-
equality, and Statement (2) follows by a standard argument using the definition of (v, d;)-regularity.
These statements essentially appeared as Lemma 30 and Proposition 50 in [10], and as Propositions 20
and 22 in [11]. We omit their proofs.

Proof that Theorem 2.1 = Theorem 1.5. Let integer k > 2 and constants ds,...,dr_1,&" > 0 be
given. We define the promised constants erpm. 1.5, CThm. 1.5 and Stum. 1.5 in terms of auxiliary constants.
To that end, let erem. 2.4 = €Lem. 2.4(k, k—1,1/2,dk_1,...,ds2) be the constant guaranteed by Lemma 2.4.
Define auxiliary constants

k
p=min{ierem 24, é(e')2 H dl(Z)} and ¢’ = ”if/ )
2<i<k—1

1 "
Let eThm. 2.1 = €Thm. 2.1(k, d2, ..., dr—1,0,€"), ¢Thm. 21 = ¢rhm. 2.1(k, d2, ..., dk—1, p,€”) and srhm. 2.1 =
S$Thm. 2.1 (k,da, ..., dk_1, p,€") be the constants guaranteed by Theorem 2.1. We take
1 - 1. 8
€ =EThm. 1.5 = 3 Min{p,EThm. 2.1}, €= CThm. 1.5 = 3 Min {CThm. 2.1, 5% },
24
80 = SThm. 1.5 = 11aX {sThm. 2.1 floc} )

and we take mg = mrum. 1.5 sufficiently large whenever needed.
With the constants ds,...,dx—1,6 > 0 and mq,...,my > mg above, let H = {H(j)}?zl be an

(e,(day...,dg_1,dy))-regular (k,k)-complex, as in Theorem 1.5, where di € [0,1] is now given. Fix
integer so < s < my. To prove that all but exp{—cs}(™!) sets S € (Vl) yield S = (S, Va,...,V;) for
which H[S] is an (¢/, (da, ..., dx))-regular (k, k)-complex, we consider two cases.

Case 1 (dy > 1/2). We first apply Statement (1) of Proposition 5.1 to the hypergraph H*) C IC; (H*~1)
(where FF) = HE) o = d, § = e). (To see that this statement applies, recall that our choice of
constants were sufficient to conclude, using Lemma 2.4, that [KCp(H*=D)| = Q(my - --my).) Now, with
the constant p defined above, Statement (1) of Proposition 5.1 guarantees a partition H*¥) = Hék) U
Hgk) U-- -UH;(,’C), p = |di/p], where each Hgk), 1 <i<p,is (3¢, p)-regular w.r.t. H*~D and where ’Hék)
is (3¢, dy, — pp)-regular w.r.t. H*=1_ In particular, |’Hék)| < (dg — pp + 3¢) K (HE=D)| < 20my - -y,
(since d, — p < pp < di and 3¢ < p). We establish some notation related to this partition. For
1<i<p, write H; = {HO, . HED 1Y write HY = HF U UH = HO\ HP) | and write
Ho = (O, HED 1) and 1O = (D), D)

Now, for 1 <i <p, H; is a (3¢, (da,...,dk—1,p))- regular (k, k)-complex so that, by Theorem 2.1, all
but exp{—crnm. 2.15} (") sets S € (Zl) render an (¢”,(dg,...,dk_1,p))-regular (k,k)-complex H;[S].
We apply Fact 1.6 to the remainder H(()k) to conclude that all but exp{—(p®/6)s} (™) sets S € (‘?)
render |H(()k) [S]| < 3psmg - --my. As such, all but

(exp{ - pgs} + pexp{—CcThm. 2418}> (M) < %exp{—2cs}(";1) < exp{—cs}(™)

sets S € (1) satisfy all properties immediately above (over all 1 < < p). For the remainder of Case 1,
fix such a set S € (*!). Statement (2) of Proposition 5.1 guarantees that H®[S] is (pe”, pp)-regular
w.r.t. HED[S], and so H.[S] is a (pe”, (dz, . .., dr_1,pp))-regular (k, k)-complex. Since 0 < pe” < p
and di — p < pp < di, we may say, more simply, that H,[S] is a (2p, (da, . . ., d}))-regular (k, k)-complex.
We argue that, consequently, H[S] is an (¢', (da, . .., dg))-regular (k, k)-complex, and in particular, that
HFI[S] is (¢, dy)-regular w.r.t. H*E-D[S].

Let Q=1 C HE=1[8] satisfy [Kr(Q*—D)| > &'|Kr(H <k*1>[5])|, where

IKe(HEV[S])] > (1/2) H d xsm2~-~mk (15)

2<i<k—1
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follows from Lemma 2.4. (Indeed, since H.[S] is a (2p, (da, ..., dy))-regular (k, k)-complex, H*~V[S]
is a (2p,(da,...,dg_1))-regular (k,k — 1)-complex.) The (2p, (da,...,dy))-regularity of H,[S] (recall
¢’ > p) implies \kak) [S] N K(QF=1)| = (dy, + 2p)|K1(Q*1)|, and so

H®[S] N (@) = [HE[S] N Kk (@) + [HG” [S] M K@)

satisfies

(di, — 2p) [k (Q*~ )| < [HI[S] N KL (Q*=D)| < (di + 20) K (QED) | + [HEP S]]

(15) —(*
< (dk +20)|Kk(QF V)| + Bpsmy - < (di+8p ] d (z)/s/)uck(g““*l))y
2<i<k—1

From our choice of p, |[H®¥[S] N Kx(Q*D)| = (di £ &')|Kr(QF~1)| follows, concluding Case 1.

Case 2 (d, < 1/2). Consider the (k,k)-complex H = {H®) ... HE=D K, (H*=D)\ H*)}, which is
(e, (da,...,dk—1,1—d}))-regular. By Case 1, all but exp{—c s}("él) sets S € (‘;1) satisfy that H[S] is an
(€', (da,...,dg—1,1—dy))-regular (k, k)-complex, or equivalently, that H[S] is an (¢, (dz, . .., dk—1,dk))-
regular (k, k)-complex.

O

REFERENCES

[1] Alon, N., de la Vega, W.F., Kannan, R., Karpinski, M., Random sampling and approzimation of MAX-CSP Problems,
Proc. of the 34" ACM STOC, ACM Press (2002), 232-239.

[2] Alon, N., Duke, R., Lefmann, H., R6dl, V., Yuster, R., The algorithmic aspects of the Regularity Lemma, J. Algorithms
16 (1994), 80-109.

[3] Duke, R., Lefmann, H., Rédl, V., A fast algorithm for computing the frequencies of subgraphs in a given graph, SIAM
J. Comp. 24 (1995), 598—-620.

[4] Duke, R., Rodl, V. On graphs with small subgraphs of large chromatic number, Graphs Combinatorics 1 (1985), 91-96

(5] Gowers, W.T., Hypergraph regularity and the multidimensional Szemerédi theorem, Ann. of Math. (2) 166 (2007),
no. 3, 897-946.

[6] Janson, S., Luczak, T., Rucinski, A., Random Graphs, Wiley, New York (2000).

[7] Kohayakawa, Y., Rodl, V., Skokan, J., Quasi-randomness, hypergraphs, and conditions for reqularity, J. Combin. The-
ory, Ser. A 97 (2002), no. 2, 307-352.

[8] Komlés, J., Simonovits, M., Szemerédi’s regularity lemma and its applications in graph theory, Combinatorics, Paul
Erdés is eighty, Vol. 2 (Keszthely, 1993), Bolyai Soc. Math. Stud., vol. 2, Jdnos Bolyai Math. Soc., Budapest, 1996,
pp. 295-352.

[9] Mubayi, D., Rédl, V., Uniform edge distribution in hypergraphs is hereditary, Electronic Journal of Combinatorics 10
(2003), no. 1, Research Paper R42.

[10] Nagle, B., Rodl, V., Schacht, M., The counting lemma for regular k-uniform hypergraphs, Random Structures Algo-
rithms 28 (2006), no. 2, 113-179.

[11] Rodl, V., Schacht, M., Regular partitions of hypergraphs: Regularity Lemmas, Combin. Probab. Comput. 16 (2007),
no. 6, 833-885.

DEPARTMENT OF MATHEMATICS AND STATISTICS, ARIZONA STATE UNIVERSITY, TEMPE, AZ, USA
E-mail address: andrzej@math.la.asu.edu

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF SOUTH FLORIDA, TAMPA, FL 33620, USA.
E-mail address: bnagle@math.usf.edu.



