CONSTRUCTIVE PACKINGS BY LINEAR HYPERGRAPHS

JILL DIZONA AND BRENDAN NAGLE

ABSTRACT. For k-graphs Fp and H, an Fy-packing of H is a family .# of pairwise edge-disjoint copies
of Fy in H. Let vp,(H) denote the maximum size |#| of an Fp-packing of H. Already in the case of
graphs, computing vp, (H) is NP-hard for most fixed Fo (Dor and Tarsi [6]).

In this paper, we consider the case when Fy is a fixed linear k-graph. We establish an algorithm
which, for ¢ > 0 and a given k-graph H, constructs in time polynomial in |V (H)| an Fyp-packing of H
of size at least vp, (H) — ¢|V(H)|*. Our result extends one of Haxell and Rédl, who established the
analogous algorithm for graphs.

1. INTRODUCTION

For k-uniform hypergraphs (k-graphs, for short) Fy and H, an Fy-packing of H is a family # of
pairwise edge-disjoint copies of Fy in H. Let vg, (H) denote the maximum size |.%| of an Fy-packing
in H. Already in the case of graphs, computing vg, (H) is NP-hard for any fixed graph Fy having a
component with 3 or more edges (Dor and Tarsi [6]). Haxell and Rodl proved, however, that nearly
optimal Fy-packings can be polynomially constructed for graphs H satisfying vg, (H) = Q(n?).

Theorem 1.1 (Haxell and Rodl [12]). For every graph Fy and for all ¢ > 0, there exists ng = ng(Fo, ()
and an algorithm which, for a given graph H on n > ng vertices, constructs in time polynomial in n an
Fo-packing of H of size at least vp,(H) — (n?.

Note that Theorem 1.1 remains true when n < ng, but it isn’t interesting. In this case, one exhaustively
searches for the optimal Fy-packing of H in time O(1).

The aim of this paper is to provide an extension of Theorem 1.1 to the case of linear hypergraphs Fy.
A k-graph Fy is said to be linear if every pair of its edges meet in at most one vertex (which is true of
all (simple) graphs Fp).

Theorem 1.2. For every linear k-graph Fy and for all { > 0, there exists an integer ng = no(Fo, () and
an algorithm which, for a given k-graph H on n > ng vertices, constructs in time polynomial in n an
Fy-packing of H of size at least vg,(H) — (nF.

The proofs of Theorems 1.1 and 1.2 both rely on the following well-known relaxation of an Fy-packing.
A function ) : (1{3{)) — [0,1] is a fractional Fy-packing of H if for each edge e € H,

Z{w(F): Fe (g)) satisfies e € F} _Z{w(F): Fe (g)} <1, (1)

where ( 1{{) ) denotes the family of all copies of Fy in H and ( g) )e denotes the family of all such copies
containing the edge e. The size |¢)| of a fractional Fy-packing ¢ is given by |¢| = > {¢(F): F € (lf)} and

0
vy, (H) denotes the maximum size [¢| of a fractional Fy-packing ¢ of H. Note that the characteristic
function of an Fy-packing is a fractional Fp-packing, and hence vg, (H) < vy, (H). It is known that
building a fractional Fy-packing ¢ of maximum size v, (H) is a linear programming problem, and hence

constructible in time polynomial in |V (H)].
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Theorem 1.2 is not the first partial hypergraph extension of Theorem 1.1 (cf. Remark 1.4).

Theorem 1.3 ( [12, 13, 20, 26]). For every k-graph Fy and for all { > 0, there exists ng = ng(Fp, () so
that for every k-graph H on n > ng vertices,

V;'O(H) _VFO(H) < an

Theorem 1.3 implies that the parameter vg, (H), when large enough, can be approximated in poly-
nomial time by the parameter vy, (). When k = 2, Theorem 1.3 was a corollary of Theorem 1.1 since
Haxell and Rédl, in fact, built Fo-packings of H of size vy, (H) — ¢(n?. An alternative proof of Theo-
rem 1.3 when k& = 2 was later given by Yuster [26], which allowed Fj to be replaced with a family of
graphs. Theorem 1.3 when k& = 3 was proven by Haxell, Rodl and the second author [13]. Finally, for
k > 2, Theorem 1.3 was established by Rédl, Schacht, Siggers and Tokushige [20]. For future reference,
we make the following remark, indicating the main difference between Theorems 1.2 and 1.3.

Remark 1.4. Theorem 1.3 is not restricted to the case that Fy is linear, but claims no algorithm for
building a nearly optimal Fy-packing of H. Theorem 1.2 provides such an algorithm, but only in the
case when Fj is linear. We explain the reason for this difference in upcoming Remarks 2.8 and 2.9.

The proofs of Theorems 1.1-1.3 all depend heavily on graph and hypergraph versions of the Regu-
larity Method, which relates to the celebrated Szemerédi Regularity Lemma. We shall next present the
regularity tools we need for this paper. More generally, we proceed along the following itinerary.

Itinerary of paper. In Section 2, we present five algorithmic tools we need, each of which has a
graph analogue in Haxell and Rodl [12]. In particular, we present three Regularity tools: a Regularity
Lemma (upcoming Theorem 2.1 — due to Czygrinow and Rédl [4]), a Slicing Lemma (Lemma 2.3), and
a Packing Lemma (Lemma 2.6). We also present two Supplemental (non-regularity) tools: a Crossing
Lemma (Lemma 2.10 — due to Haxell and R6dl [12]) and a Bounding Lemma (Lemma 2.12). In Section 3,
we use these tools to prove Theorem 1.2. In Section 4, we prove the Packing Lemma. In Section 5, we
prove the Slicing Lemma. In Section 6, we prove the Bounding Lemma.

Acknowledgment. We would like to thank our referee for their careful and thorough reading, and for
their very helpful comments.

2. ALGORITHMIC TOOLS: REGULAR AND SUPPLEMENTAL
In this section, we to present the regularity and supplemental tools advertised in the Itinerary.

2.1. Regularity, Slicing and Packing Lemmas. We require the following concepts. For a k-graph
H, let nonempty pairwise-disjoint subsets Uy,...,Ur C V(H) be given. Write H[Uq,...,U] for the
edges of H which intersect each U;,1 < i < k. The density of (Uy,...,Uy) is defined as

|H[Uy, ..., Uyl
dUy,...,Up) = b0 2RI
(T k) ANNEA

For d € [0,1] and € > 0, we say that (Uy,...,Uy) is (d,e)-regular if for all U/ C U;,1 < ¢ < k, where
|U!| > e|U;|, we have
|d(U7,...,UL) —d| <e.

We say that (Uy,...,Uy) is e-regular if it is (d, €)-regular for some d € [0, 1], and e-irregular otherwise.

When k = 2, the celebrated Szemerédi Regularity Lemma [23, 24] guarantees that, for all € > 0, there
exist integers Ty = To(e) and Ny = Ny(e) so that every graph H on n > Ny vertices admits a vertex
partition V(H) = V3 U---UV; into t < Ty parts where all but E(;) pairs (V;,V;), 1 <i < j <t, are e-
regular. (Moreover, these parts can be arranged to have nearly the same size |Vi| < --- < |V;| < |Vi|+1.)
Alon, Duke, Lefmann, Rédl and Yuster [1] showed that the partition V(H) = V43 U---UV; in Szemerédi’s
Regularity Lemma can be constructed in time O(M(n)) = O(n?3727), where M (n) is the time needed
to multiply two n x n matrices with 0,1-entries over the integers (see [25]). Kohayakawa, Rodl and
Thoma [18] improved this running time to O(n?).
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For k > 2, the following hypergraph version of Szemerédi’s Regularity Lemma was established by
Frankl and Rodl [7], where the algorithmic assertion was established by Czygrinow and Rodl [4]. (In
the following statement, the input k-graph H is equipped with a vertex partition V(H) =V, U---UV,
which is refined into a regular partition - a common ability of any regularity lemma.)

Theorem 2.1 (Regularity Lemma [4, 7]). For all ¢ > 0 and all positive integers k and £, there exist
integers Ty = To(e, k, £) and Ny = No(e, k,€) so that the following holds.

Let k-graph H on n > Ny vertices be given with a vertex partition V(H) = V3 U--- UV, satisfying
Vi| <--- < |Vi| < |Vi| + 1. Then, one may construct, in time O(n?~1 log2 n), a refined partition

Vi=VioUVi U UVi,  withm ™ [Vig| = - = Vi,
1 <4<, wheret < Ty, where Vo = VigU--- U Vyg has size |Vy| < en, and where all but s(i)tk many
k-tuples (Viyjys -y Vigge)s 1 <t <o+ < <4, 1< j1,..., 0k < t, are e-reqular and labeled as such.

Remark 2.2. The ‘labeling’ assertion of Theorem 2.1 is not explicitly stated in [4], but is implicit in
their proof [5]. For completeness, we mention a recent result of Conlon, Han, Person and Schacht [3]
which would make the labeling easy to see (but at the cost of producing a larger polynomial running
time). The authors in [3] established a k-graph M}, with 2% edges and k2*~1 vertices for which the
following equivalence holds with d = dg(Viyjy, -+, Vi ):
(1) If 6 > 0 is sufficiently smaller than € > 0, and if H[V; ;,,..., Vi, .] has within kokak_l(l +9)
copies of My, then (V5 ;,,..., Vi j.) is (d, e)-regular.
(2) If ¢ > 0 is sufficiently smaller than § > 0, and if (Vj j,,..., Vi) is (d,e)-regular, then
H[Vij» - Vi i) has within d2*m*2" ™" (1 + 6) copies of M.
(In fact, when k = 2, M turns out to be Cy (the 4-cycle), and the equivalence above is precisely the one
devised and used by Alon et al. [1] for their algorithmic version of Szemerédi’s Regularity Lemma.) Now,
employing the result above in the proof of Theorem 2.1 would render the promised labeling. The running
time would increase to O(k2¥~1), but for the purpose of proving Theorem 1.2, it wouldn’t matter.

We shall now present the Slicing Lemma.

Lemma 2.3 (Slicing Lemma). For every integer k > 2 and for all do,e’ > 0, there exists ¢ =
€Lem.2.3(k,do, ") > 0 so that the following holds.
Let G be an e-regular k-partite k-graph with vertex partition V(G) = Vi U--- UV, where |Vi| =--- =
|Vie| = m is sufficiently large. Suppose that py,...,ps > do are given with > ;_; p; < da(Vi,..., Vi).
Then, there exists an algorithm which, in time O(m"), constructs an edge-partition G = Gy U Gy U
-+ UG, where each G;, 1 <i < s, is (p;,&')-regular.

Remark 2.4. In the context of the Slicing Lemma, it is an easy consequence that the class Gg is
(po, se’)-regular, where py = D — >7_, p;. (In this paper, however, we don’t use this feature.)

Our final regularity tool is the Packing Lemma, which considers the following setup.

Setup 2.5 (Packing Setup). Let Fy be a linear k-graph with vertez set V(Fy) = [f] = {1,..., f}, and
let G be an f-partite k-graph with vertex partition V(G) = Vi U--- UV} satisfying |Vi| = --- = |Vf| = m.
Suppose, moreover, that for some d,e > 0, G has the following property. For each {i1,...,ix} € ([i]),
(1) if {é1,... i} € Fo, then (Viy,..., Vi) is (d,e)-regular;
(2) if {i1,... ik} & Fo, then G[V;,,...,V;, ] = 0.

In the context of Setup 2.5, a subhypergraph F’ of G on vertices vy, ...,vy is a partite-isomorphic copy
of Fyif v; € V; for all 1 <14 < f, and if v; — ¢ defines an isomorphism from F’ to Fy.

Lemma 2.6 (Packing Lemma). Let Fy be a fized linear k-graph with V(Fy) = [f]. For all do,p > 0,
there exists € = £1,em.2.6(do, ) > 0 so that the following holds.

Let G be a k-graph satisfying the hypothesis of Setup 2.5 with Fy above, with some d > dy, with € =
ELem.2.6 above, and with m sufficiently large. Then, there exists an algorithm which, in time polynomial
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in m, constructs an Fy-packing Fa of G covering all but p|G| edges of G, and which consists entirely
of partite-isomorphic copies of Fy in G. In particular,

Z6] > (1 - p)(d — e)m*.

Remark 2.7. The last assertion of the Packing Lemma is an easy consequence of its predecessor. Indeed,
in the context above, let G’ C G denote the set of edges covered by Fg. Every element F € .Z¢ covers
precisely |Fy| edges of G’, and every edge of G’ is covered by precisely one element F' € %¢. Thus,

| Fa| x[Fo| = |G| = (1=p)|G| = (1=p) Y _{IG Vs, Vil i, vin} € Fo} = (1—p)| Fo|(d—e)m”,
where the last inequality follows from the definition of (d, £)-regularity. The result now follows.

Remark 2.8. For £ > 3, the conclusion of Lemma 2.6 is false when Fj is not linear. Indeed, for
example, consider when k = 3, f = 4, Fy consists of the triples {1,2,3} and {2,3,4}, and G is defined
as follows. Take the random bipartite graph G(Va, V3,1/2). For each vy € V5 and vg € Vs, if {va,v3} €
G(Va,V35,1/2), put {v1,v2,v3} € G for every vy € Vi. Otherwise, put {vs, vs,v4} € G for every vy € Vj.
Clearly, G contains no copies of Fy. However, by the Chernoff inequality, w.h.p. both of (Vi, V5, V3) and
(Va, V3, Vy) are (1/2,0(1))-regular.

Remark 2.9. The papers [13, 20] proving Theorem 1.3 use hypergraph regularity lemmas from [8, 21]
(see also [9, 10]) which allow an analogue of the Packing Lemma when Fj is not necessarily linear.
Unfortunately, algorithmic versions of these regularity lemmas are not known for k£ > 4 (although, for
k = 3, such an algorithm has been given [15] (see also [14, 19])).

2.2. Crossing and Bounding Lemmas. In what follows, let H and F{ be k-graphs, and suppose H
has vertex partition Il: V(H) =V, U---UV,. We say a copy F € (fb) crosses ILif |[V(F)NV;| <1 for
every 1 < ¢ < /. Let (;{))H denote the subcollection of copies F' € (g) which cross II. The Crossing
Lemma, due to Haxell and R6dl [12] (see Remark 2.11), then states that if H has a fractional Fy-packing

1, then one may construct a relatively small partition II whose crossing copies of F; comprise most of
the value of 1.

Lemma 2.10 (Crossing Lemma [12]). For every k-graph Fy on f vertices, and for all u > 0, there exists
Lo = Lo(u, Fy) so that the following holds.

Let H be a k-graph on n vertices, and let ¢ be a fractional Fy-packing of H. There exists an algorithm
which constructs, in time O(nf), a verter partition 11 : V(H) = Vy; U--- UV, £ < Lo, satisfying that
In/t] <|Vi| < [n/l] for all 1 <i <{, and satisfying that

oul 2 - i) F e (f)n} > (1- )y,

Remark 2.11. Haxell and Rédl proved Lemma 2.10 in the following more general setting (see Lemma 11
in [12]): with V = V(H), H is replaced by (‘;), where f = |V (Fp)l|, and v is replaced by an arbitrary
function g : (‘;) — [0,00). Their lemma then constructs a partition II so that |gr| > (1 — p)|g|, where

o= o) se ()} and ol = {ats) 5 (?)H}

where (‘;)H is the set of f-tuples S which cross the partition II. We could not find an explicit mention
of the time complexity of Lemma 11 in [12], although O(n/) is clear from the proof. Indeed, in time
O(n'), they define a weight function w on (‘2/) by w({z,y}) = > {g(S) cx,y €S € (‘Jf)} Then, they
apply Lemma 10 in [12] to V and w to construct in time O(n?) (with running time O(n?) explicitly
stated in Lemma 10) an equitable bipartition V' = V; U V4 so that > {w({z,y}):x € Vi, y € Vo} >
(1/2)> {w({x,y}) Ax,y} € (‘2/)} They then apply Lemma 10 to V; and V4, and so on, so that after

at most log, (f2/p) = O(1) iterations, they reach the promised partition.
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We now present the Bounding Lemma, which considers weighted hypergraphs Hy and the following
concepts. Let Fjy be a k-graph, and let Hy be an edge—Yveighted k-graph with weight function w : Hy —
[0,1]. A fractional (w, Fy)-packing of Hy is a function v : (I;(‘)’) — [0, 1] satisfying that for each e € Hy,

s fin-re (2) ) o0

(recall the notation in (1)). (If w = 1 is the constant function on Hy, then ¢ is a fractional Fy-packing
of Hp.) As before, set
- - Hy . Al ) .
|| = Z Y(F): F e 7 and v, (Ho) = max {W)\ : 1 is a fractional (w, Fy)-packing of HO} .
0

Finally, we say that a fractional (w, F)-packing V) is 8-bounded if for each F € (;Ig), zﬁ(F) e {0}U]d,1].
The Bounding Lemma then states that the parameter V}O(Ho) can be approximated by a J-bounded
fractional (w, Fy)-packing 0.
Lemma 2.12 (Bounding Lemma). For every k-graph Fy and for all § > 0, there exists a positive
constant § = dpem.2.12(Fo,&) so that the following holds.

Let Hy be a weighted k-graph on r vertices with weight function w : Hy — [0,1]. Then, there ezxists a
d-bounded fractional (w, Fo)-packing ¢ of Ho such that [¢b| > v, (Ho) — &rk. Moreover, the function
can be found, in time depending on r, by an exhaustive search.

We conclude this section by stating specific versions of some familiar tools.
2.3. Some familiar tools.
Fact 2.13 (Cauchy-Schwarz Inequality (see, e.g., [22])). Forai,...,a; > 0 and T > 0, suppose Z§=1 a; >
(1—7)at and 3'_, a2 < (1+7)a%t. Then, for all but 2r'/3t terms 1 < i < t, we have a; = a(1+271/3).

i=1"1
Fact 2.14 (Chernoff Inequality (see, e.g., [2, 16])). Let X have Binomial distribution. Then, for any
0<d<3/2, PIX # (1 +£0)E[X]] < 2exp{—6°E[X]/3}.

3. PROOF OF THEOREM 1.2

Let Fy be a given linear k-graph on f vertices and let ¢ > 0 be given. Our first step is to define some
auxiliary constants with respect to which the size of the input hypergraph H needs to be large.

Step 0: Auxiliary constants and input H. Set

¢
p=g=7 (2)
With £ given above, let
0 = OLem.2.12(F0,§) > 0 (3)
be the constant guaranteed by the Bounding Lemma (Lemma 2.12). Set
dp = 6. (4)

With g in (2) and dp in (4), let €Lem.2.6 = €Lem.2.6(Fo,do, ) > 0 be the constant guaranteed by the
Packing Lemma (Lemma 2.6). Set
5/ = (dOM)gLemQ.Ga (5)
and let epem.2.3 = €Lem.2.3(k, do,€’) > 0 be the constant guaranteed by the Slicing Lemma (Lemma 2.3).
Define
£ = min{eLem.Q.Ziy €Lem.2.6} (6)
(which is achieved by erem.2.3)-
In all that follows, the integer ng is assumed to be sufficiently large with respect to all constants
discussed above. In particular, ng is large with respect to the following additional constants. With
> 0 given in (2), let Ly = Lo(u) be the constant guaranteed by the Crossing Lemma (Lemma 2.10).
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With e > 0 given in (6) and Lo given above, let Ty = To(e, k, Lo) and Ny = Ny(e, k, Lo) be the constants
given by the Regularity Lemma (Theorem 2.1). The integer ng is larger than Ny and Tj.

Now, let H be a given k-graph on n > ng vertices. We construct, in time polynomial in n, an
Fy-packing g of H of size

| Zu| > v, (H) - ¢n. (7)

Since v, (H) > vg,(H), this will prove Theorem 1.2. We proceed to the first step of our algorithm.

Step 1: Preprocessing H. First, equip H with a maximum fractional Fy-packing ¥*, i.e., one for
which [¢*| = v, (H). Constructing ¢ is a linear programming problem with running time polynomial
in n.

We now apply the Crossing Lemma (Lemma 2.10) to H and ¢*. With p > 0 given in (2), Lemma 2.10
guarantees the constant Ly = Lo(p) (discussed in Step 0) and constructs, in time O(n?), a vertex
partition I : V(H) = V4 U --- UV, where ¢ < Ly, where [n/¢] < |V;| < [n/f], and where

il & S {urir) i Fe (ﬁ)n} > (1- )yl ®)

We mention that we build ¥* so that we may apply the Crossing Lemma, and we need the Crossing
Lemma in order to prove Proposition 3.1 below.

Step 2: Regularizing H and building Hj. Our next step is to apply the Regularity Lemma (The-
orem 2.1) to H (and II) and to constuct, as usual, the resulting ‘cluster’ hypergraph Hy. To that end,
with € > 0 given in (6), ¢ obtained in Step 1 (with ¢ < Lg), Theorem 2.1 guarantees the constant
Ty = To(e, k, £) (discussed in Step 0) and constructs, in time O(n?*~1log?n), a refined vertex partition

m:V(H) =VWUl| J{Vi: 1<i<e 1< <t}

where
(i) t <Tp and m & |Viy| = -+ = [Vi| and |[Vp| < en,
(ii) all but ()" many k-tuples (Vi j,,..., Vi), 1 < i1 < -+ < ip < 6, 1 < ji,....5k < t, are

e-regular and labeled as such.

We now construct the cluster hypergraph Hy which will, in fact, be a weighted hypergraph. To begin,
Hy will have vertex set V/(Ho) = {u;; : 1 <i < ¢,1<j <t}. Consider the set of all (ﬁ)tk many k-tuples
of the form {w;,j,,..., %, }, where 1 <iy <--- <ip <fland 1< ji,...,ji <t For each such k-tuple
{uiljl, . ,uikjk}, define

w({uilju'-'vuikjk}){ H( 1J10 kjk) (

-, Vinjn) is (labeled to be) e-regular,
otherwise.

1719

9)

Then Hy will consist of all k-tuples above whose weight is nonzero. (Note that Hy consists only of
k-tuples {uwi,j,, ..., Ui, } where (V5 ;,,..., Vi ;. ) ‘crosses’ the partition V; U--- U V;.) Together with
the function w, Hy is a weighted k-graph on £t vertices, and since ¢ < Ly and t < Tj, the construction
of Hy is complete in time O(1).

While we don’t use it yet, we note that v}, (Ho) is essentially a 1/m* portion of [¢*| = v}, (H).
Proposition 3.1.
k. * * k Q * k * k
mbvg, (o) > [0 — 2en* > (1= "] — 2en* = (1 — v, (H) — 2en*.

We will prove Proposition 3.1 at the end of this section.
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Step 3: Bounding Hy. We now apply the Bounding Lemma (Lemma 2.12) to the weighted hypergraph
Hy. To that end, with £ > 0 given in (2) and ¢ given in (3), we apply Lemma 2.12 to Hy to guarantee
a d-bounded fractional (w, Fp)-packing 1) of Hy satisfying

6] > v, (Ho) — £(et)*. (10)

The Bounding Lemma also ensures that ¢ can be constructed by an exhaustive search in time O(1)
(since Hy has £t < LyTy = O(1) many vertices).
We establish some notation related to the fractional (w, Fp)-packing ¢ of Hy. Set (cf. (4))

Ho\ ™" Ho\ - Ho\ -
=< F CY(F)#0p =49 F cY(F) >0 = d
(&) ={re(@):smzof={re(R):br=s2a}.
where the last equality follows from the fact that 1@ is -bounded. For a fixed e € Hy, we write
Ho\™  (Hy - (Ho +
)., \FR/, Fy)
Step 4: Slicing H. We now run the Slicing Lemma (Lemma 2.3), repeatedly, over the hypergraph H.
To that end, fix e = {u;, jy,- - -, Uiy, } € Ho, which fixes the corresponding hypergraph H[V; .. .., Vi j.]-

—~
Nz

For each F' € (?Ig):, we wish to cut (using Lemma 2.3) a ‘regular’ slice from H[V;,;,, ..., Vi, ;.| of density

pr = Y(F). Let us first check that it is appropriate to do so. First, every pp = ¢(F') > dp on account of
Fe (I;c‘)’):, as is required by the Slicing Lemma. Second, since 1& is an (w, Fy)-packing of Hy, we have

> {pF Fe <§>+} - Z{W) Fe (I;y} <wfe) 2 dn (Vi Vi)

€

as is also required by the Slicing Lemma. Finally, by (6), € < erem.2.3(do,€’) was chosen to be sufficient
for an application of the Slicing Lemma (Lemma 2.3). Consequently, Lemma 2.3 constructs, in time
O(mF), a partition

Ho\ ™"
H[Viljw'“vvikjk]:H*[Viljlv“‘?‘/;kjk]UU{HF[‘/;1J17"'7‘/;kjk]: Fe < ) }> (11)
where each slice Hp[Vi,j,, ..., Vigl, F € (I;S):, is ()(F),e')-regular. (We use H, notation to denote
the remainder, which we henceforth ignore.)

Step 5: Packing H (locally). We now run the Packing Lemma (Lemma 2.6), repeatedly, over the

hypergraph H. To that end, fix F € (I;(?)+, and construct the following f-partite subhypergraph
Gr C H (recall f =|V(Fp)|):

V(GF) = U{‘/” T U € V(F)} and
Gr = E(GF) = U{HF [‘/;ljl"""/ik]’k] : {ui1j1""7uikjk} €ry, (12)

where for each edge e = {u;,j,,... %} € F, Hp[Viyj,,-..,Vi.j.) is the slice (from Step 4) from
H[Viijis---, Vigin) corresponding to F. Note that the hypergraph G is constructed in time O(m*).
We now apply the Packing Lemma (Lemma 2.6) to the hypergraph G, but first check that it is
appropriate to do so. Observe that Gr and F satisfy the hypothesis of Setup 2.5. Indeed, for each
edge e = {ti j,, - Ui j, } € F, the corresponding hypergraph Gr[Vi ji ..., Vi i) is (b(F), ' )-regular,
where ¢)(F) > dy = § on account that F € (I;S)+ Otherwise, for each {u;,j,,...,%i .} € (V(,CF))\F,
the corresponding hypergraph Gr[Vi, j,, ..., Vi, .] = 0. Finally, recall from (5) that &’ < epem.2.6(do, 1)
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was chosen in accordance with the Packing Lemma (Lemma 2.6). Lemma 2.6 therefore constructs, in
time polynomial in m, an Fy-packing Fq,. of G satisfying

/

Farl = (1= p) (B(F) =) mb = (1= p) (1 - flo) B(F)m. (13)

Step 6: Constructing the promised .%g. We define

Fy = {%F ‘Fe (;fg>+} (14)

which amounts to collecting the ‘local’ packings .#¢,. over all F' € (§°)+. The remainder of this section
checks that %y is an Fy-packing of H, that % was constructed in time polynomial in n, and that %y
has the size promised in (7).

Fy is an Fy-packing of H. Indeed, let F' # F' € #py be fixed. Note that, by construction of
Fp (cf. (14)), there exist F F' € (g§)+ so that F' € #g_ and F' € fgﬁ/. Now, let us assume, for
contradiction, that F' N F’ # (.

If F'= F', then F N F’' # () contradicts the Packing Lemma (Lemma 2.6) since Fa, = Fa,, was an
Fy-packing of G = G p,. Henceforth, we assume a =+ E.

Let e € FNF’, and write e € H[V;,j,,..., Vi j.) forsome 1 <y < -+ <ip <€, 1 <jy,...,5 <t It
follows from e € I' € F¢, and similarly e € F' € F¢, that

ec GF[thw ) Vikjk] N GF' [‘/iljl7 ) Vikjk]v
or equivalently (cf. (12)),
€€ HF[thl IRREE) Vikjk] n HF’ [Vi1j1 IR ‘/Zk]k] (15)

However, (15) contradicts the Slicing Lemma, since Hz[Vi,j,, ..., Vi) and Hp, [Vi g, ..., Vi .| were

distinct classes of a partition (distinct on account of ' # F').

Z g was constructed in time polynomial in n. Indeed, in Step 1, we constructed maximum frac-
tional Fy-packing ¥* of H, which as a linear programming problem is done in time polynomial in n.
We then applied the Crossing Lemma (Lemma 2.10) to H and t*, which was done in time O(n/).
In Step 2, we applied the Regularity Lemma (Theorem 2.1) to H and II, which was done in time
O(n?~1log®n), and we constructed the weighted cluster Hy in time O(1). In Step 3, we applied the
Bounding Lemma (Lemma 2.12) to Hp, which constructed ¥ in time O(1). In Step 4, we applied the
Slicing Lemma (Lemma 2.3) to H at most (Zkt) < (LoTp)* = O(1) times, where each such application
took time O(m*) = O(n*). In Step 5, we applied the Packing Lemma at most (/1) < (LoTp)! = O(1)
times, where each such application took time polynomial in m (and so polynomial in n).

Zp has size promised in (7). From (14), we have

| Z | _Z{L%Fl :Fe <I;3>+} Ya- <1—§;) me{zi(F):Fe <I;3>+}

e’ &
- (1-5)m
Prop.3.1

= (1= w2 (1= pwi, (H) = 2en* = g(men)®)

(2) * k (2) * k(2) * k
> (1—2M)(VFO(H)_4HH ) > v, (H) —6un” = v, (H) — (n”,

~1 (5) . (10)
G| > (1= p)PmPll > (1= p)*m* (v, (Ho) — £(£t)")

where the second equality holds since 1/3 vanishes outside of (I;I(‘]J)Jr (and where we used mft < n and
vy, (H) < n*). All that remains is to prove Proposition 3.1.
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Proof of Proposition 3.1. It suffices to produce a fractional packing g : (I;S) — [0,1] for which

mFapg| has the lower bound of Proposition 3.1. To produce 1y, we use the following notation. Define

Hf[ = U{H[Viljn"'vvikjk] : {uiljla"'vuikjk} € HO}'

In other words, Hy; consist of all edges {v;,j,,...,vi,j, } € H for which v; 5, € V; j,,...,vij, € Vij,., for
some 1 <iy <--- <ip <L, 1<ji,...,Jk <t, where (V;,;,,..., Vi, .) is (labeled to be) e-regular. Since
each edge of Hy crosses the partition IT: V(H) = V3 U---UVy (cf. the Crossing Lemma (Lemma 2.10)),
every element F' € (i{on) also crosses II, and so

(&)= (), <16>

m:V(Hy) = V(Hy) given by v u;; <= v eV,

Note that the mapping

defines a homomorphism from Hp to Hy. As such, since each F’ € (I;[,gf) crosses the partition II, we

have that F' = w(F") defines a copy of Fy in Hy, i.e., F = w(F’') € (;I(‘)’) We shall call F = 7(F’) the
projection of F' in Hy, and will say that F’ € (I;OH) projects to F = n(F’) € (;Ig)
Now, define the function 1 : (I;;’) — [0, 1] by setting, for F € (?IS),

Po(F) = % > {w*(F’) F' e (ig) projects to F} : (17)

To show that vy is a fractional (w, Fy)-packing of Hy, fix e = {u;,j,,. .., Uiy . } € Ho. From (17),

Z{wO(F) . Fe @3)} = %Z{Z{W(F') L F e (I;;T) projects to F} . Fe (;I;’)}

Every F’ € (111%1) projects to some F € (gg)e if, and only if, F' N H[Vi ..., Viy] # 0 (vecall e =

{Wiyj1s- -5 Wigjy })- Therefore,
H 1 He '
S e (i) = e X wrere () st £ s Vi

1 . H-
- mk {Z{d} (F/): F'e <FOH>6/} e GH[V;'ljla-..,Vikjk]}
1 ey e (H ,
<D A WF): Fe R).J e EH Vi s Vil
1
< [ H Wi Vil = A Vi Vi) 2 wle),

where in the last inequality, we used that ¥* is a fractional Fy-packing of H, i.e., the final inner sum is
at most 1.

To finish the proof of Proposition 3.1, consider the quantity |1f;| — m*|1o|. From (17), we have that
H: H
k _ * AN L4 11 . . 0
m” || = E {E {1/1 (F'): F' e (Fo) pI‘OJeCtStOF} 1 Fe <F0>}
H:
— * F/ . F/ II
§{¢() e(%>}
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where the last equality holds from the fact that every F’ € (‘;{g) projects to some F' € (gg) Therefore,

we have (cf. (8) and (16))
il = ool = - {0 () s e (ﬁ)n} Y {wee e ()

:Z{w*(F): Fe (g)n\ (I;OH)} :Z{w*(F): Fe (g))n satisfies F'N (H \ Hy) ﬂ)}
<Z{Z{w*(F): ecFe (fb)n} :eEH\Hﬁ}
gZ{Z{w*(F% Fe @)} :eeH\Hﬁ} < |H\ Hgl,

where in the last inequality, we used that ¢* is a fractional Fy-packing of H. Note that H \ Hy consists
of edges e for which e N Vy # 0, or else, e € H[V,,j,,..., Vi) for some 1 < i3 < -+ < i < 4
and 1 < ji,...,jk < t where (Vi,;,,..., Vi) is not (labeled to be) e-regular. However, at most

en-nF-1 4 E(’l;) tFm* < 2enF edges e € H can have these properties, which completes the proof.

4. PROOF OF THE PACKING LEMMA

Our proof of the Packing Lemma (Lemma 2.6) is a hypergraph analogue of the proof of Lemma 5
in Haxell and R6dl [12]. The Packing Lemma will follow nearly immediately from Theorem 4.1 and
Lemma 4.2 below.

The following statement is a well-known result of Grable [11] which concerns hypergraph packings. A
packing & in a hypergraph P is a family of pairwise disjoint edges. In a hypergraph P and « € V(P), let
Np(z) ={Q : QUuz € P} denote the neighborhood of = in P, and for z,2’ € V(P), write Np(x,2') =
Np(z) N Np(z'). As well, write degp(z) = |Np(x)| and degp(z,z’) = |[Np(z,z')|.

Theorem 4.1 (Grable [11]). For every integer p > 2 and for all A > 0, there exists f = Brhm.a.1(p, A) > 0
so that the following holds. Let P be a p-graph with sufficiently large vertex set X = V(P) satisfying
that, for some A > 0,

(1) forallx € X, degp(x) = (1 £ B)A,

(2) for all distinct x,2' € X, degp(z,2') < W.

Then, there exists a packing & of P covering all but \| X | vertices of X. Moreover, & can be constructed
in time polynomial in | X|.

We call the following result the Ezxtension Lemma, which we prove later in this section.

Lemma 4.2 (Extension Lemma). For all integers f > k > 2 and all do,y > 0, there exists 6 =
Orem.a.2(f, k,do,y) > 0 so that the following holds.

Let a linear k-graph Fy with vertex set [f] be given, and let G be given as in Setup 2.5 with some
d > dy, with ¢ = 6 above, and with a sufficiently large integer m. Then, there exists G' C G, where
|G'| > (1 —9)|G|, so that for each {i1,...,ix} € Fo, every {vi,,..., v} € G'[Vi,,...,Vi,.] belongs to
within (14 ~)d/P1= mf=* many partite-isomorphic copies of Fy in G'. Moreover, the subhypergraph G’
can be found in time O(m').

4.1. Proof of the Packing Lemma. Let Iy (on f vertices), dp, and > 0 be given as in Lemma 2.6. To
define the promised constant € = epem.2.6(do, ) > 0, we first consider some auxillary constants. Let 8 =
Brhm.a1(p = f, A = p/2) > 0 be the constant guaranteed by Theorem 4.1. Let § = Spem.4.2(f, k, do, v =
B) > 0 by the constant guaranteed by Lemma 4.2. We set ¢ = 4, and take m to be sufficiently large
whenever needed.

Now, let G be given as in the hypothesis of the Packing Lemma (Lemma 2.6). We apply the Extension
Lemma (Lemma 4.2) to G to construct, in time O(m/), the subhypergraph G’ C G guaranteed there.
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As in Theorem 4.1, set X = G’ and define P to be the family of all partite-isomorphic copies of Fy in
G’. Note that a packing & of P corresponds to an Fy-packing of G’.

We now apply Theorem 4.1 to P, but first check that it is appropriate to do so. From the application of
the Extension Lemma, every vertex = € X = V(P) = G satisfies degp(x) = (147)d "o/~ m/ =k, Setting
A = dFol=1mf—F and recalling v = 3 was chosen to be sufficient for an application of Theorem 4.1, we
see degp(z) = (1£ B)A. Note that, easily, for each z # 2/ € X, degp(z,2’) < m/~+1) = O(LA).
Moreover, | X| = ©(m*), so degp(x,2’) < A/log* | X|. Thus, Theorem 4.1 constructs, in time polynomial
in | X| = ©(m*), a packing & covering all but \|X| vertices € X. This corresponds to an Fy-packing
Z covering all but A|G’| edges in G’. Together with the edges G\G’, the Fy-packing & covers all but
2X|G| = p|G| edges of G, which completes the proof.

4.2. Proof of Lemma 4.2. To prove Lemma 4.2, we will use its following seemingly “weaker” version.

Lemma 4.3 (‘Weak’ Extension Lemma). For all integers f > k > 2 and all dy,{ > 0, there exists
€ = €Lem.4.3(f, k,do, () > 0 so that the following holds.

Let a linear k-graph Fy with vertex set [f] be given, and let G be given as in Setup 2.5 with some
d > dy, with e above, and with a sufficiently large integer m. Then, for each {i1, ... i1} € Fy, all but (m*
elements {v,,..., v, } € G[Vi,,...,Vi,] belong to within (1 %+ ¢)d™!='m/ =% many partite-isomorphic
copies of Fy in G.

We prove Lemma 4.3 at the end of the section.
It is clear that Lemma 4.2 implies Lemma 4.3, but we need the converse to hold. The equivalance
between Lemmas 4.2 and 4.3 is not clear, as we now indicate.

Remark 4.4. To form G', it would natural to delete from G all |Fo|¢m* edges which are “bad” in the
sense of Lemma 4.3. In this case, all remaining edges in G' clearly extend to at most (1+¢)d/Fol=1m/ =k
many copies of Fy in G'. The concern is that each such edge may not extend to at least (1—C)d|F0|_1mf_k
many copies of Fy in G’ (on account of deletion).

We now prove that Lemma 4.3 implies Lemma 4.2.

Proof of Lemma 4.2. Let integers f > k > 2 and dy,y > 0 be given. To define the promised constant
0 = Orem 4.2(f, k,do,7y) > 0, we first define an auxiliary constant ¢ > 0 to satisfy

4f3’fd‘/f€ <. (18)
0

Now, let € = erem 4.3(f, k,do, () > 0 be the constant guaranteed by Lemma 4.3, and set 6 = ¢. Let a
linear k-graph Fy and G be given as in Setup 2.5 with some constant d > dy, with § = € above, and with
a sufficiently large integer m. To define the promised hypergraph G’ C G, we make two considerations
(that of a ‘good edge’ and that of a ‘good vertex’).

First, for a fixed {i1,...,ix} € Fy, we shall call an edge {v;,,..., v, } € G[Viy,...,Vi.] a good edge
if it belongs to within (1 & ¢)d!*!=*m/~* many partite-isomorphic copies of Fy in G. Otherwise, we
call {v;,,...,v;.} a bad edge. The first step in defining G’ is to delete all bad edges from G, across all
{1,...,i,} € Fy. Upon doing so, we shall call the resulting (intermediate) hypergraph G; C G, where
Lemma 4.3 implies |G1| > |G| — |Fo|¢m* > |G| — f¥¢m*. Note that G is identified in time O(m/).

Second, fix 1 <i < f and fix {i1,...,ix} = K € Fy for which i € K. We shall call a vertex v; € V; a
K -bad vertex if v; belongs to at least v/(m*~! bad edges {v;,,...,v;, } € G[Vi,,...,V;.]. Note that, for
K fixed above, at most /Cm vertices v; € V; can be K-bad, since otherwise, we’d have (m” bad edges
within G[V,, ..., V;,], contradicting Lemma 4.3. Now, call a vertex v; € V; a bad vertez if there exists
any K € F for which v; is a K-bad vertex, and call v; a good vertex otherwise. Then there are at most
VCf*Im bad vertices v; € V; and at most /Cf*m bad vertices in all of G. Note, moreover, that bad
vertices in G are clearly identified in time O(m*).
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Now, to define G’, we simply induce the hypergraph G;, defined above, on the good vertices of G
(which takes time O(m*)). Since each bad vertex of G can belong to at most f*~1m*~1 edges of Gy,
we have that

(G’ > |G| = VO im > |Gl = (fFm® = /P mE > |G = 20/ Cfmt (19)
Since |G| > |Fo|(d — e)m* > (dy/2)m*, we thus have

|G/>( 4f2’“f> 1Y - ylal

Thus, G’ is as large as promised by Lemma 4.2, and was constructed in time O(mf ). Tt remains to verify
that each of its elements extends to within the promised number of copies of Fy in G'.

To that end, we establish some notation needed for the remainder of the section. Suppose hypergraphs
Ag and B are defined in the context of Setup 2.5. For an edge b € B, define

B
exta, p(b) = HA € <A ) : A is a partite-isomorphic copy of Ay }‘ (20)
0/ b

for the number of eztensions of the edge b to partite-isomorphic copies of Ag in B.
Now, fix {i1,...,ix} = K € Fp, and wlo.g., assume {iy,...,ix} = {1,...,k}. Fix an edge
{v1,...,0x} € G'[V1,...,Vi]. Since {v1,...,vx} is a good edge in G,

extp, c({vi,...,vp}) = (L £ Q)d " tm/ =F, (21)

and clearly,
extr o ({v1, .. op}) < extrya({ve, ..., oe}) < (1 + Q)dFol=tmf =k, (22)
It remains to verify that extp, g/({v1,...,vx}) isn’t too much smaller than extg, ¢({v1,...,vx}). To

that end, fix {j1,...,Jx} = K1 € Fy where K7 # K. We consider two cases.

Case 1. (KN K; =0) It follows from (19) that

(G\ G Vi, Vil < 2/ 02 mP, (23)
Fix {vj,,...,v;.} € (G\ G)[Vj,...,V}.]. Clearly, at most m/~2¥ copies of Fj) in G can contain both
{v1,... ,vk} and {vj,,...,v;, }, and all of these copies are lost in G'. Thus, (23) implies that, summing

over all {v,,... v]k}e(G\G’)[ s -5 V], the edge {v1,..., v} lost at most
2ff2kam 2ff2k f—k

many copies of Fy from G.

Case 2. (K N K; # () Since Fy is a linear hypergraph, it must be the case that |K N K| = 1. Set
{i} = KN Ky, and wlo.g., assume i = 1. Fix {v;,,...,v; } € (G\ G")[Vj,,...,V},], where for sake of
argument, we assume vy € {vj,,...,v;, }. Since vy is a K1 good vertex, {vj,,...,v;, } can be one of only
at most /Cm*~! edges deleted from G which contain v1. Since {vy,..., v} and {vj,,...,vj, } constitute
2k — 1 distinct vertices, there can be at most m/~2**1 many copies of Fy in G containing both these
edges, and all of these copies are lost in G’. Thus, summing over all {v;,,...,v;. } € (G\G)[V},,...,V},]
containing vy, the edge {v1,...,vx} lost at most

\/mkfl mf—2k+1 — \/mf k

many copies of Fy from G.
Over all {j1,...,jrx} = K1 € Fp distinct from {1,...,k} = K € F,, Cases 1 and 2 imply that

extr, ({0, u) > exti o ({on, o) = (Fol = 1) (2/C%m! = 4 \/Cm/~+))
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(221) (1 = ()dIFol =1y —k _ 3\/zf3k:mffk > (1 —¢— 3f3kc\l§> dIFol=1,,f—k
0
(1>8) (1 — y)dFol=tm s =k,
The above inequality and (22) imply that extg, ¢/ ({v1,...,vx}) = (1 £7)dFol=mf=* which concludes
the proof of Lemma 4.2. O

4.3. Proof of Lemma 4.3. To prove Lemma 4.3, we shall use the following result from [17].

Theorem 4.5 (Counting Lemma for Linear Hypergraphs). For all integers fi > k > 2 and all dg, 7 > 0,
there exists § = 0rhm.a.5(f1,k,do, ) > 0 so that the following holds.

Let a linear k-graph Fy with vertex set [fi] be given, and let G be given as in Setup 2.5 with some
d > dy, with € = 0, and with o sufficiently large integer m. Then, the number of partite-isomorphic
copies of Fy in G, which we write as #{F1 Cp.i. G}, satisfies

#{F Cpi G} = (1 £ 7)dPrImfr,

Let integers f > k > 2 be given and let dy,( > 0 be given. Define auxiliary constant 7 = ¢3/6. Let
01 = Orhm.a5(f1 = f,k,do,7) > 0 be the constant guaranteed by Theorem 4.5. Let das = drnm.a.5(f1 =
2f — k,k,do,7) > 0 be the constant guaranteed by Theorem 4.5. Let €9 > 0 be small enough so that
each of the following inequalities holds:

(1+7) (1—eody) " <1+2r and (1—7)(14edg)” >1—2r (24)

Define € = min{eg, d1,02}. Let Fy and G be given as in Setup 2.5 with some d > djy, with & given above,
and with a sufficiently large integer m.

Fix {i1,...,ix} € Fo, and assume w.l.o.g. that {i1,...,ix} = {1,...,k} = [k]. Our proof will make
a joint appeal to the Counting Lemma (Theorem 4.5) and the Cauchy-Schwarz inequality (Fact 2.13).
For that purpose, we make the following considerations.

Define hypergraph FgZ D Fp as follows. Let

V() ={1,....kk+1,..., fAU{(k+1),...,f}

so that F? has 2f — k vertices. Include every edge of Fy in FZ. More generally, suppose [k] # K =
{#1,...,ix} € Fy. Since Fy is linear, |K N [k]| € {0,1}, and w.l.o.g., assume K N [k] C {i1}. Write, for
some £ € {0, 1},

K\ [k] = {it41,...,ix} and define K’ = {iy,... ig, 09,1, . %}

Now, put K’ € F}. We repeat this procedure over all [k] # K € Fy, which completes the definition of
F§. Then, F¢ is a linear k-graph on 2f — k vertices and 2|Fp| — 1 edges.
Define hypergraph G? D G similarly. For k +1 <t < f, let V/ be a copy of the class V;. Let

V(G)=ViU - UV UV U UV UV, V)

be a (2f — k)-partition. Include every edge of G in G?. More generally, suppose K € FZ has the form
(for some j > 0) K = {i1,...,i5,j,q,...,i}} where K N [f] = {i1,...,i;}. Let

G2 =G* Vi, ..., Vi, V! ...,V]{] be a copy of G[Vi,...,V;

30 Vi

V(F?)
G? = G% K 0 .
Uferee (7
We now make the following observations (see upcoming (25) and (27)). To begin (recall we assume
{1,...,k} € Fp),

, Vil

s Vigyrs oo -

Define

#{Fo Chp.i. G} = Z eXtFmg({Ul, - ,Uk}).

{v1,..., vk }EG[V1,..., Vi]



14 JILL DIZONA AND BRENDAN NAGLE

Then, Theorem 4.5 (with F} = Fp) implies that

Z extrp o({v1,...,vp}) > dPlmf (1 - 7).
{’Ul,...,’vk}EG[VL‘..,Vk]

Since, by the hypothesis of Setup 2.5, we have |G[Vi,. .., Vi]| = (d £ &)m”*, where d > dj, the inequality
above implies

3 extr a({vr, ., ve}) > AP I G, L V(= 1) (1 edy )T

{’Ul ..... ’Ijk}GG[V1,... Vk]
(24)
> dP I/ TR GV, L V(1 - 27). (25)
Similarly,
#{Fg Cpl G2} = Z eXth,Gz({vla ce ’/Uk'})’
{Ul,“.ﬂ)k}EG[Vh...,Vk]
and Theorem 4.5 (applied with Fy = F§) implies that

3 extpe gz ({v1,. .., v }) < dFlmlVEDI(1 4 7). (26)
{v1,...,u}€G[V1,...,Vi]

However, |FZ| = 2|Fy| — 1, |V(F2)| = 2f — k, and for each fixed {vy,..., v} € G[V4,..., Vi], we have
extpe g2 ({v1,.. ., 0}) = exth o({vi,... v }).

Since |G[V4, ..., Vi]| = (d £ )mF, the inequality (26) implies

_ _ -1
Z exth o({vr,...,v}) < PIPI=2n2F =2k Gy, L V|14 7) (1—edyt)
{’Ul,‘..,’Uk}GG[Vl,.H,V)«]

(24) 2
< (leolflmf*k) GV, ..., Vill1+27). (27)

Comparing (25) and (27) and using the Cauchy-Schwarz Inequality (Fact 2.13), we see that all but
671/3|G[VL, ..., Vi]| < ¢mF elements {vi,...,vx} € G[V4,...,Vi| satisfy the conclusion of Lemma 4.3,
as promised.

5. PROOF OF THE SLICING LEMMA

Our proof of the Slicing Lemma (Lemma 2.3) is a hypergraph analogue of the proof of Lemma 6 in
Haxell and Rodl [12]. In what follows, we shall use the following variation of the slicing lemma, which
takes place in an environment of fixed size.

Lemma 5.1 (‘Miniature’ Slicing Lemma). For all ¢ > 0 and all integers k > 2 and s > 1, there exists
an integer So = So(s, k, s) so that the following holds.

Let K[Ay,. .., Ag] be the complete k-partite k-graph with vertex partition Ay U---U Ay, where |A;| =
oo =|Ag| = So. Let q1,...,qs > 0 be given where gqo =1 —>"7_, q; > 0. Then, there exists a partition
K[Ay,..., Al = JoU Jy U---U Js with the following property.

For every w : U§=1 A; — [0,1] satisfying, for each 1 < j < k, w(A;)
have, for each 0 <i < s,

def
= ZaeAj w(a) Z §|Aj‘; we

k k
(=) [Jwa) < 30 wlen)wlar) < (i +) [T w(4)).

{a1,....,ar}€J;

Moreover, the partition above can be found, in time depending on Sy, by an exhaustive search.

We proceed to show that Lemma 5.1 implies Lemma 2.3, and then return to prove Lemma 5.1.



CONSTRUCTIVE PACKINGS BY LINEAR HYPERGRAPHS 15

5.1. Proof of Lemma 2.3. Let integer k > 2 and dg, &’ > 0 be given. Set

8/

S = (28)

NP )

Now, for an integer (variable) 1 < s < [1/dp], let Sp(s
by Lemma 5.1. Define

= So(s, k, s) be the integer (function) guaranteed

So =max{So(s):1<s<[1/do]}. (29)
Define!
/ ch+1
€ = €Lem. 2.3(k,do,€") = 8kSy (30)
With € in (30), let G be an e-regular k-partite k-graph with vertex partition V(G) = V1U- - UV}, where
[Vi| = -+ = |Vk| = m is sufficiently large. Set, for simplicity, D = da(V1,...,V%). Let p1,...,ps > do

be given satisfying Y ;_, p; < D. We say a word about constants. Since s is a fixed integer, Sy = So(s)
(described above) is also a fixed integer, where

sdy <Y pi <D — s<Dfdy < [1/dy] &2 5y < 5.
i=1

Thus, by (30),
k+1
S
8kSy”

To define the promised partition G = Go U G1 U --- U G, we make two auxiliary considerations.
First, consider the complete k-partite k-graph K[Aq, ..., Ax], where Ay, ..., Ay are arbitrary sets of size
|A1] =+ =|Ak| = So. For each 1 <i <s, set ¢; = p;/D, and let

K[Aq,..., Al = JoUJ U+ U J,

e <

(31)

be the partition guaranteed by Lemma 5.1.

Second, refine the vertex classes Vi,...,V} as follows. For each of the sets A; above, 1 < j <k, write
Aj; ={aj1,...,a5s,}. Now, for each a;p € A;, 1 < ¢ < Sy, choose a subset Vjy C V; of size
Vie| = L’:J Lom sothat Vi=Vieu |J Vie (32)
0 aje€A;

is a partition. (The class Vjq is the remainder of size at most Sy — 1.)
Now, fix a choice 0 < ¢1,...,£, < Sy and consider G[Vig,, ..., Vi, |. lfany £; =0, 1 < j <k, put

G[‘/lelﬂ ey szk} C GO-
Otherwise, for each 1 <i <'s, put
G[V1f17~"7kak] CGZ <~ {alel,...,ak[k} GJ,L

This defines the partition G = Gy U G1 U --- U G4 promised by Lemma 2.3, which is easily constructed
in time O(m*).

It remains to check that each G;, 1 < i < s, is (p;,&’)-regular. To that end, fix 1 < i < s, and for
each 1 < j <k, let V/ CVj be given with [V]| > ¢'|V}| = ¢'m. We will show that

dGz(‘/ll7aVk/) :piigl' (33)

To that end, we establish a few ‘underlying’ considerations. First, for each 1 < j < k and 1 < ¢ < S,
write v v
V! \%
[, =V/NV; and w(a; :i:%z.
V4 J J ( J ) |V3(| "

It is easy to infer, from the proof of Lemma 5.1, that Sp(s) is monotone increasing in s, and therefore, S} is achieved
by s = [1/dp]. However, for completeness, we avoid using this assumption. (Moreover, it would hardly simplify our
presentation.)
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Then,
S 1oy \41 (28)
wid) =Y wl) = =SVl = wd) =1 -o() > sl =S, (34)
=1 =1

since [V]| — So +1 < Zfil Vel < |V}| where |[V]| > &'m and So = O(1). (Thus, o(1) — 0 as m — oc0.)
Second, for 1 < j < kand 1 <4< Sy, we say ajye is e-big if

Vil>em = wlay)> 5% = £So(1 — o(1)), (35)

and e-small otherwise. Let Jj' denote the set of all {ayy,,...,are, } € J; for which every aj;, 1 <j <k,
1 < 4; < Sy, is e-big, and let J; = J; \ J;" denote the set of all {ay,,...,aks } € Ji for which some
aje;, 1 < < k, 1 </{; <8y, is e-small. Observe then that

35
Z w(aye, ) ... w(age,) @ Z w(aig,) ... w(agy) | £ 2ekS¥H!

{‘11217"'7‘1klk}e‘]i+ {alél ----- akék}e-]i

= (qi £¢) (w(Ay) ... w(Ay)) £ 2ckSETL (36)

where the last inequalities follow by the application of Lemma 5.1 (cf. (34)).
Returning to our goal in (33), observe that

|G,‘[V1/,...,Vk/]| 1 ! /
de, (Vi,...,V]) = = GV, ...V,
GVL( 1 k) |V1/|‘Vk/| |V1'||Vk/| {aul"‘%%}e‘h‘ [ 14, kék”
1
AP > G Vil 2 G Vi V]
! k {alélwuuakék}evjj {algl,.“,akgk}GJ;

By (35), Z{awl _____ ane, YeI T IG[Vig,s s Vi, Il < ekSym¥, and with Vil > &'m, 1 <j <k, we have

GVie, -5 Vil
Vil IV

So
(e*

>

{a1e; s saney, JETT

—dg, (VI,...,V]) £k (37)

Observe that

2.

{a1e, 7<~-7U«klk}€Ji+

- T

{a1e; ,sane,, JETT

(34) !
= (o)) S way 2

7 {aiey yesane, YETT

GVie, -5 Vil
Vil VR

GVig,s -5 Vil
Vie |- Vi, |

WVie |- |Vie, |

w(alﬁ) .- 'w(akfk) |V/| ‘V/|
i1V

GVieys - Vil
Vil Vi,

w(algl) e w(akgk).
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By the (D, ¢)-regularity of G, and the definition of .J; (cf. (35)), we further infer

5 GVies - Vi,
ViV

{are;,osane, YETT

=(1+0(1))(D+ 5); > w(aig,) ... w(are,)

w(Ay) ... w(A
EnpTE I

w(Ay) ... w(Ay) ((qi +¢) (w(Ar) ... w(Ay)) £ 25ksg+1)

9 1+ 0(1))(D£e)
1+ 0(1))(D o) (qz ++2k S") . (38)

Now, comparing (37) and (38), we infer

(I=o(1))(D —¢) <Qi —¢— 251<:f,f> - sk(SO <dg,(V{,..., Vi)

sl)k
So

<(1+o01)(D+¢) (Qi +<+ 251@?5) + akw-

With p; = Dgq; and ¢ < &', we further infer

28 (31) So Sp (31 28
p;i — ¢ (—)pz—2< < pz_<_55k7<dG (‘G,..-,Vé)épi+<+88kg—£ < pi+2<(=)pi+a’.

5.2. Proof of Lemma 5.1. Let ¢ > 0 and integers k > 2 and s > 1 be given. We take Sy = Sp(s, k, s) to
be sufficiently large (and argue, in context, that this parameter needs only to depend on ¢, k and s). Let
K[A4,..., Ag] be the k-partite k-graph with vertex partition A; U---U Ay with |A;| = -+ = |Ax| = So
Let g1,...,qs > 0 be given with go =1—>""_, ¢; > 0.

We shall define the promised partition Jo U J; U --- U Jg by a standard random construction. For
0 < i < s, let J; be defined by, independently for each {ai,...,ar} € K[A1,..., Ax], P[{a1,...,ax} €
Ji] = ¢;. We seek (exhaustively search for) an instance of Ji,...,Js behaving according to the following
claim.

Claim 5.2. With So = So(s, k, s) sufficiently large, the following holds. For each 0 <i < s,
(1) if ¢; < cﬁ, then with probability 1 — 2—,

1| < 25¢:55; (39)

(2) if ¢; > , then with probability 1 — 5, every choice A} C A;, 1 < j <k, with |A}] > 1650,
satisﬁes

BN K[AL AL =g (L ) A5 A, (40)

As we show at the end of the section, Claim 5.2 follows by straightforward applications of the Markov
and Chernoff inequalities.

Set J; = J;, 0 < i < s, to be instances satisfying the properties in (39) and (40). Let a function
w Uj:l Aj — [0,1] be given satisfying w(A;) = > ,cq, w(a) = ¢So for all 1 < j < k. For the
remainder of the proof, fix 0 < i < s. We show

k
—)[[wAn < >0 wla).. wlar) < (gi+<) [ w( (41)

j=1 {a1,...,ax}€J; J=1
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We proceed by considering two cases, the first of which is nearly trivial. Indeed, assume ¢; < ¢*1/(2s).
Then, there is nothing to show for the lower bound of (41). For the upper bound, note that

(39)
Z w(ay) ... w(ay) <|Ji| < 2s¢;SE.

{a1,...,ar}€J;
Since w(A;) > ¢|A;| = ¢S for all 1 < j < k, we infer

k
S wla)- (ak)g%qzﬂw <<Hw < (@i +<) [T w(ay),

{a1,...,ar}EJ; j=1

as desired. Thus, for the remainder of the proof, we assume that
kit

2s '

q; > (42)

and proceed with the following claim.
Claim 5.3. With w given above and 0 < i < s fized above, there exists a function wy : U§:1 A; —[0,1]
with the following properties:

(1) Foreach 1 <j <k, wo(4;)=w(4,);

(2) For each 1 < j <k, if Ma,(wo ef {a € Aj:0<wo(a) <1}, then wo(Ma,(wo))

) <1
(3) For each w € {w,wo}, if W;(w) % D fansaptes Wlar) . wlag), then Wi(w) < W;(wo).

We defer the proof of Claim 5.3 to the end of the section.
To prove the upper bound of (41), let the function wg guaranteed by Claim 5.3 be given and define,

for 1 <j <k, Sy, et {ae€ A;: wo(a) =1}. Let us first show that

k
> wlar)...wlak) < |Ji[Sa,, -, Sall + H (43)

{al,...,ak}EJi
Indeed, by Claim 5.3 (Statement (3)), we have
S w(a). . wlar) = Wi(w) < Wi(w)

{al,..A,ak}EJ,:

< > 1+ij > wolan

{al ..... ak}eJi[SAl ..... SAk] h=1 ahEMAh(wo)

L1 e

Ztﬂ:h

k
= [Ji[Sa, -, Sal+ H [T wola;) | wo(Ma, (wo)).
h=1 ?¢;La]€A
J

By Claim 5.3 (Statement (2)), we further conclude

k k
Z w(al)...w(ak)g\Ji[SAl,...,SAk]\—i-ZH H
h=1 j=1 a;€A

J2h

{a1,...,ar}€J; aj

k
= |Ji[SA17"'aSAk]| + (w()<1141) ot ’wo(lAk)) jl;[lwo(A])
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where we used Claim 5.3 (Statement (1)). Then (43) follows from w(A4;) > ¢Sy, 1 < j <k.
We may now conclude the upper bound of (41). Indeed, by Claim 5.3 (Statements (1) and (2)),

1Sa;| = wo(Aj) —wo(Ma,(wo)) = w(Ay) —wo(Ma,;(w)) > w(A;) —1> 1gSO

Thus, from (40) from Claim 5.2, we conclude from (43) that
p ok
Z w(ay) ... wlag) < ¢ (1—|— )|SA1| |SAk|+@1;[w(AJ)

{a1,...,ar}€J;
k
(u(05)+ ) Tt = o Twet,

where the last inequality follows with Sy = Sy (s, k, s) sufficiently large (as a function of k, ¢ and s alone).
Then (44) implies the upper bound of (41).

The lower bound of (41) is an easy consequence of (44), which we may now assume holds for all
0 <i<s. For 0 <1< s fixed, note that

Z w(ay) ... wlag) = Z w(ay) - wlag) —Z Z w(ay) - wlag)

{al,...,ak}GJi {al,...,(lk}EK[Al,...,Ak} ;17&0 {al,...,ak}EJh
k k
> [ w4, th(u )Hw i —o) [T w(4)),
Jj=1 j=1
h;ﬁz

as promised.

Proof of Claim 5.2. Fix 0 < i < s. The first case follows immediately by the Markov Inequality, so
assume ¢; > % Fix A} C A;, 1 < j <k, with [A}[ > ¢So/2. By the Chernoff Inequality (Fact 2.14),

§2k+3 X
P Al # (1 £ ) bl 144 < 20 { bl il | < 2o { - st |

Over all choices A; C A, 1< j <k, we see Statement (2) of Claim 5.2 holds with probability

|kt d P 1
P 3. 2k+3g370 [ = 2s’

where the last inequality holds with Sy = Sy(s, k, s) sufficiently large as a function of ¢, k and s. O

Proof of Claim 5.3. Recall w : Ule — [0,1] and 0 < i < s are fixed. We determine the promised
function wp by repeating an iterative procedure. If w (playing the role of wy) satisfies Statement (2) of
Claim 5.3, set wo = w and we are done. Otherwise, there exists some 1 < j < k so that w(My,(w)) > 1.
Without loss of generality, assume j = 1, and write M4, (w) = {aog,a1,...,a,}. We shall define an
intermediate function w’ : U?:l A; — [0, 1] which will eventually lead us to the promised function wy.

Since w(My, (w)) > 1 and every element of My, (w) has positive weight, there exist J1,...,9 > 0 so
that w(as) > ¥, for all 1 < h < £ and w(ag) = 1 — Yj,_, 9. Define w’ : [JS_; A; — [0,1] by setting
w'(ag) = 1, w'(an) = w(an) — Yy, for each 1 < h < ¢, and w'(a) = w(a) whenever a € Ay \ My, (w) or
a€ Ay U---UA,. Note that MAI(’U}/) = {&1, .. .,&g}.
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We claim that w’ (playing the role of wq) satisfies Statement (1) of Claim 5.3. In particular, we claim
that w'(A;) = w(A;). Indeed,

w'(Ay) = w'(Ma, (w')) + w' (A1 \Ma, (w Zw an) + w' (A1 \Ma, (w'))

4 4
Z (an) +w' (A1 \Ma, (w)) +w'(a0) = Y (w(@n) — 9p) + w(A1\Ma, (w)) + 1
he1 h=1

¢
= > w(an) + w(A\Ma, (w)) = w(Ma, (w)) +w(A\Ma, (w)) = w(AL).
h=0

We claim that w’ (playing the role of wy) satisfies Statement (3) of Claim 5.3. To see this, define, for
0<h<Y,

Wilan) = > w(az) ... w(ag).

{an,a2,...,ax}€J;
Note that we may assume, w.l.o.g., that Wi(do) = MaXg<h<¢ Wi(dh). Now,

Wiw') - Witw)= > ((w'(al) ' (ak)) — (w(ay). ..w(ak)))

{a1,az2,...,ar}€J;

= > (w/(@n) = w@n) ) Witan) = (w'(a0) — w(ao) ) Wi(ao) + i: (' (@) = wldn) ) Wian)

h=0 h=1

¢
= ( 19h> Wl(&o) — Wl(do) (Z ﬁh) = 0,
h=1 h=1
as desired.

It may not be the case that w’ satisfies Statement (2) of Claim 5.3, i.e., it may be the case that
w'(My, (w')) > 1. However, in this case, recall that M4, (w') = {a1,...,as} = M, (w)\{édo}, and so
¢

¢
L Zw an,) Z (w(dh) - 19h) = w(Ma, (w)) —w(ag) — Zﬁ‘h =w(Ma, (w)) — 1.

h=1 h=1 h=1

w' (Ma,

We would therefore repeat this process iteratively to arrive at a function w; for which wq (Ma, (w1)) < 1.
We would then repeat again over all 1 < j < k for which w;(Ma;(w;)) > 1 to finally arrive at the
promised function wy. |

6. PROOF OF THE BOUNDING LEMMA

We use the following result of Haxell and R6dl (appearing as Theorem 18 in [12]). As defined in
Section 4, a packing of a hypergraph H, is a set of pairwise disjoint edges, and so a fractional packing
of Ho is a function ¢ : Ho — [0, 1] satisfying, for each vertex v € V(H), > {p(e) :veec H} <1. If Hy
is equipped with vertex weights w : V(Hg) — [0,1], then ¢ : H — [0, 1] is a weighted fractional packing
of H, if, for each vertex v € V(Hy), > {p(e) : v € e € Ho} < w(v). We say ¢ is B-bounded if, for every
e € Ho, ¢(e) € {0} U[B,1]. Finally, we set |¢| = ZeE’Ho o(e).

Lemma 6.1 (Haxell, Rodl [12]). For every integer p > 2 and for all £ > 0, there exists By = By(p,&) > 0
so that the following holds.

Let Hy be a p-graph on R vertices with vertex weights w : V(Ho) — [0,1]. Suppose ¢ is a weighted
fractional packing of Ho where, for every e € Ho, ¢(e) < 1/Bg. Then, there exists a (1/By)-bounded
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weighted fractional packing ¢ of Ho so that || > |¢| — ER. Moreover, the function ¢ can be found, in
time depending on R, by an exhaustive search.

We now show that Lemma 6.1 implies the Bounding Lemma (Lemma 2.12). To that end, let Fj be
a given k-graph and let & > 0 be given. To define the promised constant 0 = dpem. 2.12(Fo,&) > 0, we
appeal to Lemma 6.1. Set p = |Fy| to be the number of edges of Fy. With integer p and £ > 0 fixed
above, let By = By(p,€&) > 0 be the constant guaranteed by Lemma 6.1. Set 6 = 1/By. Now, let Hy be
a k-graph on r vertices with edge weights w : Hy — [0,1]. We construct the d-bounded (w, Fp)-packing
of Hy promised by Lemma 2.12 by appealing to Lemma 6.1.

To that end, define vertex-weighted p-graph Ho from H, as follows. Set V(Hy) = Hy, i.e., each
vertex of Hg corresponds to an edge of Hy. Let R = |Hy| so that Hg is on R vertices. Set Hy = (IP{(‘)’),
i.e., each edge of Hy corresponds to a copy of Fy in Hy (and so Hg is p-uniform). Define vertex
weights w : V(Hg) — [0, 1] by setting, for each v, € V(Ho) where e € Hy, w(v.) = w(e). Finally, let
¥ (g{‘:) — [0, 1] be a maximum fractional (w, Fy)-packing of Hy. Then ¥* corresponds to a weighted
fractional packing ¢* of Hy with

(6] = 6] = v, (Ho). (45)

To apply Lemma 6.1, we delete edges e € Hg for which ¢*(e) > §. To that end, set Dy = {e €
Ho : ¢*(e) > 6} and set H{ = Ho \ Do. Define vertex weights w’ : V(H() — [0,1] by setting, for each
v e V(Hy) =V(Ho),

W) =)~ Y o) (46)
vee€Dy
(Note that w'(v) > 0 on account that ¢* is a weighted fractional packing of Ho.) Write ¢’ = ¢*[4; for
the restriction of ¢* on H{ so that
¢ = 16" = > ¢*(e)- (47)
e€Dg
Note that, by our definition of w’ above, ¢’ is a weighted fractional packing of H{. Indeed, for each
v € V(H') we have

* * * (46)
Yoode)= D> e Y, @) <w)— Y ¢7(e) = w'(v),
vEeEH| vEe€Ho vEe€Dy vEe€Dy
where in the inequality above, we used that ¢* is a weighted fractional packing of H.

We now apply Lemma 6.1 to H(, which we may do on account that for every e € H{, we have
¢'(e) = ¢*(e) < 0 = 1/Boy, where By = By(p,§) > 0 is the constant required by Lemma 6.1. In time
depending on R = |Hy| < 7, Lemma 6.1 determines a -bounded fractional packing ¢ of H}, so that

6] > |¢'] — R > |¢'] — &, (48)

Now, define the function ¢ : o — [0, 1] as follows. For each e € H,, set

d(e) :{ ¢*(e) if e € Dy

dle) ifee H.

Then, qg is d-bounded, by construction. Note also that ngS is a weighted fractional packing of Hq since,
for each v € V(Ho),

S ode= 3 o+ Y s+ S 67 L uww).
vEe€Hyp vEeEH{, vEeEDy vEeEDy
Finally, note that
. R _ _ (48)
6= S d@) = S d@+ 3 ¢ () D1l + 167 - 19| = 167| - &k D v (Ho) — ek
eEHo ee’)-[() e€Dgy

Thus, ¢ corresponds to a fractional (w, Fy)-packing ¢ of Hy of promised size.



22

JILL DIZONA AND BRENDAN NAGLE

REFERENCES

(1] Alon, N., Duke, R., Lefmann, H., Rddl, V., Yuster, R., The algorithmic aspects of the Regularity Lemma, J. Algorithms

16 (1994), 80-109.

[2] Alon, N., Spencer, J., The Probabilistic Method, Wiley Interscience, 1992.
[3] Conlon, D., Han, H., Person, Y., Schacht, M., Weak quasi-randomness for uniform hypergraphs, Random Structures

Algorithms 40, no. 1 (2012), 1-38.

[4] Czygrinow, A., Rodl, V., An algorithmic regularity lemma for hypergraphs, SIAM J. Comput. 30 (2000), 1041-1066.
[5] Czygrinow, A., personal communication.
[6] Dor, D., Tarsi, M., Graph decomposition is NPC — A complete proof of Holyer’s conjecture, Proc. 20th ACM STOC,

ACM Press (1992), 252-263.

[7] Frankl, P., Rodl, V., The uniformity lemma for hypergraphs, Graphs Combin., 8 (1992), 309-312.
[8] Frankl, P., Rodl, V., Extremal problems on set systems, Random Structures Algorithms 20 (2002), no. 2, 131-164.
9] Gowers, W.T., Quasirandomness, counting and regularity for 3-uniform hypergraphs, Combin. Probab. Comput. 15

(2006), no. 1-2, 143-184.

[10] Gowers, W.T., Hypergraph regularity and the multidimensional Szemerédi theorem, Ann. of Math. (2) 166 (2007),

no. 3, 897-946.

[11] Grable, D., Nearly-perfect hypergraph packing is in NC, Information Processing Letters 60 (1996), 295-299.
[12] Haxell, P.E., Rddl, V., Integer and fractional packings in dense graphs, Combinatorica 21 (2001), 13-38.
[13] Haxell, P.E., Nagle, B., Rodl, V., Integer and fractional packings in dense 3-uniform hypergraphs, Random Structures

Algorithms 22(3) (2003), 248-310.

[14] Haxell, P.E., Nagle, B., Rodl, V., An algorithmic version of the hypergraph regularity method [extended abstract],

FOCS, 46th Annual IEEE Symposium on Foundations of Computer Science (FOCS’ 05) (2005), 439-448.

[15] Haxell, P.E., Nagle, B., Rodl, V., An algorithmic version of the hypergraph regularity method, SIAM J. Comput. 37

(2008), no. 6, 1728-1776.

[16] Janson, S., Luczak, T., Ruciriski, A., Random Graphs, Wiley, New York, 2000.
[17] Kohayakawa, Y., Nagle, B., Rodl, V., Schacht, M., Weak hypergraph regularity and linear hypergraphs, J. Com-

bin. Theory Ser. B 100 (2010), no. 2, 151-160.

[18] Kohayakawa, Y., Rodl, V., Thoma, L., An optimal algorithm for checking regularity, SIAM J. Comput. 32 (2003),

no. 5, 1210-1235.

[19] Nagle, B., Poerschke, A., Rodl, V., Schacht, M., Hypergraph regularity and quasirandomness, in: Clair Mathieu

(editor): Proceedings of the 20*"™ Annual ACM-SIAM Symposium on Discrete Algorithms (SODA 09), pp. 227—
245. ACM Press.

[20] Rodl, V., Schacht, M., Siggers, M.H., Tokushige, N., Integer and Fractional Packings of Hypergraphs, J. Combin.

Theory Ser. B 97(2007), no. 2, pg. 245-268

[21] Rodl, V., Skokan, J., Regularity lemma for uniform hypergraphs, Random Structures & Algorithms25 (2004), no. 1,

pg. 1-42

[22] Skokan, J., Thoma, L., Bipartite subgraphs and quasi-randomness, Graphs Combin. 20 (2004), no. 2, 255-262.
[23] Szemerédi, E., On sets of integers containing no k elements in arithmetic progression, Acta Arithmetica 27 (1975),

199-245, Collection of articles in memory of Jurii Vladimirovi¢ Linnik.

[24] Szemerédi, E., Regular partitions of graphs, Problémes en combinatoires et théorie des graphes, (Colloq. Inter-

[25]

[26]

nat. CNRS, Univ. Orsay, Orsay, 1976), Collog. Internat. CNRS, vol. 260, CNRS, Paris, 1978, 399-401.

Williams, V.V., Multiplying matrices faster than Coppersmith-Winograd, Proceedings of the 44th symposium on
Theory of Computing, 887-898.

Yuster, R., Integer and fractional packings of families of graphs, Random Struct Algorithms 26 (2005), 110-118.

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF SOUTH FLORIDA, TaMmPA, FL 33620, USA.
E-mail address: jdizona@mail.usf.edu

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF SOUTH FLORIDA, TampPA, FL 33620, USA.
E-mail address: bnagle@usf.edu.



