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ABSTRACT. Extending the Szemerédi Regularity Lemma for graphs, P. Frankl and V. Radl [14]
established a 3-graph Regularity Lemma guaranteeing that all large triple systems G, admit
bounded partitions of their edge sets, most classes of which consist of regularly distributed
triples. Many applications of this lemma require a companion Counting Lemma [30], allowing
one to find and enumerate subhypergraphs of a given isomorphism type in a “dense and regu-
lar” environment created by the 3-graph Regularity Lemma. Combined applications of these
lemmas are known as the 3-graph Regularity Method. In this paper, we provide an algorithmic
version of the 3-graph Regularity Lemma which, as we show, is compatible with a Counting
Lemma. We also discuss some applications.

1. INTRODUCTION

Szemerédi’s Regularity Lemma [45] is one of the most important tools in combinatorics, with
applications ranging across combinatorial number theory, extremal graph theory and theoretical
computer science (see [28, 29| for excellent surveys of applications). This lemma hinges on the
notion of e-regularity. A bipartite graph H = (X UY, E) is (d, ¢)-regular if for every X' C X,
| X' > e|X|, and Y C Y, |Y'| > €|Y|, we have |dg(X',Y') — d| < & where dg(X",Y’) =
|H[X'",Y']|/(JX"||]Y’]) is the density of the bipartite graph H[X’ Y’] induced on the sets X'
and Y’. (In this paper, graphs and hypergraphs are identified with their edge sets.) We say H
is e-regular if it is (d, €)-regular for some d. Szemerédi’s Regularity Lemma is stated as follows.

Theorem 1.1 (Szemerédi’s Regularity Lemma [45]). For all ¢ > 0 and integers to > 1, there
exist integers Ty = To(e,to) and Ny = No(to,e) so that every graph G on N > Ny vertices
admits a partition of its vertex set V(G) =V U--- UV, tg < t < Ty, satisfying

(1) V(G) = ViU UV, is equitable: |Vi| < -~ < |Vi| < [Vi| +1;

(2) V(G) =WV U---UWV, is e-reqular: all but 5(;) pairs V;, Vi, 1 <i < j <t, are e-regular.

Much of the strength of Szemerédi’s Regularity Lemma rests on the ability to embed fixed
subgraphs within appropriate parts of an e-regular partition, a phenomenon formally due to
the following easily proved graph ‘Counting Lemma’.

Fact 1.2 (Counting Lemma). For all integers k and non-negative d, there exists £g > 0 so

that for all 0 < € < gg, whenever H = U1§i<j§k HY is a k-partite graph on V1 U ... U Vg,

Vi| = ... = |Vi| = n, where each HY, 1 < i < j < k, is (d,e)-regular, then the number of
k k

k-cliques in H, ]IC,(CQ)(H)], satisfies d(2)nk (1—e¥*) < UC,(S)(H)] < dz)nk (1+Y/k).

Combined applications of Theorem 1.1 and Fact 1.2 are known as the Graph Regularity Method

and will be discussed shortly.
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The great importance of Szemerédi’s Regularity Lemma has led to a search for extensions to
k-uniform hypergraphs, for example [6, 10, 15, 16, 17]. While these early generalizations did lead
to some interesting applications, they did not seem to capture the full power of Szemerédi’s
lemma for graphs. In particular, they did not allow for the embedding of small subsystems
within a regular structure. The first hypergraph regularity lemma shown to admit a corre-
sponding counting lemma was due to Frankl and Rodl [14] for 3-uniform hypergraphs (we shall
refer to 3-uniform hypergraphs as 3-graphs, for short). In what follows, we refer to this Regular-
ity Lemma for 3-uniform hypergraphs as the 3R-Lemma, for short. The 3R-Lemma guarantees
that any large 3-graph G admits a bounded partition of its triples, most classes of which are
“regularly distributed”. The corresponding 3-graph Counting Lemma was due to Frankl, Nagle
and Rodl [14, 30]. Joint applications of these lemmas are known as the 3-graph Regularity
Method which has been used in several hypergraph problems [9, 21, 23, 24, 31, 37, 43].

The original proof of Szemerédi’s Regularity Lemma for graphs was not algorithmic. An
algorithmic version of Szemerédi’s Lemma was later established in [1, 2] by Alon, Duke, Lef-
mann, Rédl and Yuster (see also [13]), rendering constructive solutions to many problems where
Szemerédi’s Lemma is applied (see [1] for applications). Correspondingly,

the object of this paper is to establish compatible algorithmic
versions of the 3R-Lemma and the Counting Lemma.

Results in this paper were announced in our earlier paper [11] (see the Abstract of [11]), and
outlined in the extended abstract [20]. We state our results precisely in Section 2.

Extending the 3R-Lemma, regularity lemmas and counting lemmas for k-uniform hyper-
graphs, also allowing the embedding of small substructures, were recently developed by Gowers
[18, 19] and Nagle, Rodl, Schacht and Skokan [32, 40]. Most likely, it would be possible to
extend our current work to provide an algorithmic version of the general k-graph regularity
method. It appears that our approach here has some similarities with that of Gowers [18]. In

particular, we use the concept of a hypergraph having ‘minimally many’ copies of K§?2),2a where

K§32)2 is the complete 3-partite 3-graph with two vertices in each class (we call this concept
‘(ov, 6)-minimal’). In [18], Gowers uses a related concept (cf. ‘a-quasirandom’), although the
arguments in our paper are quite different from those in [18].

To accomplish the object of this paper, one seeks to use the approach of Alon et al. [1, 13] for
the graph case. Extending their approach in this paper becomes technical for several reasons.
For one, the 3R-Lemma and Counting Lemma of [14, 30] involve more technical environments.
More importantly, however, and as we discuss momentarily, the approach taken in [1, 13] is
based on the implication ‘Cy-minimality implies regularity’, the analogy of which fails to be
true in the context of the 3R-Lemma (cf. (8) and our earlier work with Y. Dementieva [11]).
To handle this problem, our paper does the following:

(1) formulates a variant of the Regularity Lemma from [14] in upcoming Theorem 2.4;

(2) modifies the approach of Alon et al. [1, 13] to prove Theorem 2.4 constructively;

(3) formulates and proves a counting lemma in upcoming Theorem 2.7 which is compatible
with Theorem 2.4.

The work of this paper represents some departure from the original 3R-Lemma of [14] and
the original Counting Lemma from [30]. To motivate our work, Section 1.1 reviews the original
approach of Alon et al. for constructively proving Szemerédi’s Regularity Lemma. Section 1.2
then emphasizes which parts from Section 1.1 shall be the same in this paper and illustrates
how we modify the remaining parts. In Section 2, we then precisely state the main results
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of our paper and discuss an application. The remainder of the paper proves the main results
discussed in Section 2.

1.1. Constructive proof of the regularity lemma. The algorithmic version of Szemerédi’s
Regularity Lemma states that for each € > 0 and ¢y, for each graph G on N > Ny(e, to) vertices,
an e-regular t-equitable partition V(G) = Vi U--- UV, 1 <t < Ty = Toy(e, tg), (the existence
of which is guaranteed by Theorem 1.1) can be constructed in time polynomial in N. In the
immediate sequel, we sketch the constructive proof of Statement (2) of Theorem 1.1 (the essence
of Theorem 1.1) where it is enough to consider the special case ty = 1.

The proof boils down to one central problem. Indeed, let € > 0 be fixed and let bipartite
graph H be given with bipartition X UY and positive density d = |H|/(|X||Y]) > 0. As we
explain below, to prove Theorem 1.1 constructively, one is faced with the problem of

(1) efficiently deciding if H is e-regular,
a problem which, unfortunately, is co-NP-complete [1]. To handle (1), one circumvents the prob-
lem by counting the number |IC§2% (H)| (cf. (42)) of copies of K§22) = (4 appearing in H, an oper-
ation easily completed in time | X |?|Y|%. It is always the case that |IC§2% (H)| > d4(|)2<‘) ('g')(l -
o(1)) where o(1) — 0 as min{|X]|,|Y|} — oo. We now consider the relationship between e-
regularity and the number ]IC%(H )|

On the one hand, it is not difficult to show that

(2) H is e-reqular = ‘IC%(H)‘ <(d+ f(g))4<|)2(|> (D;!)

for a fixed function f(g) > ¢ satisfying f(¢) — 0 as ¢ — 0. Moreover, the same proof gives

@ | > @ e () (1)

X' CcX andY' CY, |X'| >¢|X| and |Y'| > €|Y|, such that |dg(X',Y') —d| > e.

(We shall often refer to sets X', Y’ as above as witnesses of irregularity). On the other hand,
convexity arguments show [1, 13]

(4) \;c;?gu{)( < (d+ g(s))4<’X’> <‘Y‘> —  H is e-regular

> = JO(|X||Y])-time algorithm which builds

2 2

for a fixed (positive) function g(¢) < €. We note the following crucial remark.

Remark 1.3. For the fixed functions f and g in (2) and (4), respectively, suppose ]IC% (H)| >
(d+ g(s))4(|)2(‘) ('g'). Then from (2), H is not f~!(g(g))-regular, where from f() > ¢ > g(e)
we necessarily have f~1(g(¢)) < g(¢) < e. As such, H may simultaneously be both e-regular
and f~!(g(e))-irregular. O

We now use the implications in (2)-(4) to give the constructive proof of Theorem 1.1 from [1].
Indeed, with € > 0 fixed and N-vertex graph G given, one iteratively builds a special sequence
of partitions Py : V(G) = Vl(e) U---u thf), ¢ > 1, and defines for each £ > 1 the corresponding
index (cf. [44, 45]))

(5) ind Py % > & (v,

1<i<j<ty

)

o ‘ ‘V}m

noting that ind P, never exceeds one.
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Suppose partitions P, ..., P, have been constructed where Py, : V(G) = Vl(g) u---u Vt(@.

0

We seek to know if Py is e-regular (for if it is, then Py is the partition desired). Recalling (1),
however, we can not, in general, efficiently decide the regularity status of G| a(e), b(z)], 1<a<
b < ty, for a given € > 0. As such, we instead count |IC%(G[VCL(Z), Vb(() D] With dffg denoting
the density of G[Va(e), b(g)} and with the functions f and g given in (2) and (4), resp., we
compute ]ICgQ%(G [Va@), Vb(g)])\ and record the following information:
(1) it KRGV, VDI < (@ +9() (75 ) (M), then GIVL?, VO is coregular by (4);
@) it IKEGVE VDI > (@ + g (") (%), then GV, V) is ot 1~ (g(c))-
regular (cf. Remark 1.3), and by (3), we may efficiently construct witnesses V9 and 17b(€)
of the f~1(g(e))-irregularity of G[Va(z), Vb(e)].
Correspondingly, if
(1) all but 6(%’) of the bipartite graphs G[Va(g), Vb(z)], 1 <a < b <t have the ‘minimal
2)

number’ of Ké 5’s, i.e., such that (4) is satisfied, then the partition Py is e-regular, as

desired;

(2') at least f~1(g())(%) < e(%) of the bipartite graphs G[Va(z),%(g)], 1 <a<b<ty,
don’t have the minimal number of K§?2)7S, then by (3), we have constructed a system
of witnesses XN/G(Z) and ‘7,)(6), {a,b} € 1 © for some ‘large’ indexing set [ ON e ([g]), for
the f=1(g(¢))-irregularity of G[Va(g), Vb(g)].

While (1’) signifies the end of the proof, (2') puts one directly in the center of Szemerédi’s
proof [44, 45] of the Regularity Lemma.

Indeed, with system of constructed witnesses Y7a(€) and 17})([), {a,b} € I (@), as above, Sze-

merédi’s original proof [44, 45] establishes the existence of a partition Ppy; : V(G) = Vl(eﬂ) U

U VY for which

£+1
(6) t£+1 S tg2t£—1
and
1 5
(7) ind Pygyq > ind Py + M.

2

Moreover, since the system of witnesses XN/a(e) and ‘7;)(6), {a,b} € I (), was already constructed,
Szemerédi’s proof [44, 45] can be easily made to construct the partition Pyi1 in time O(N).
As such, within 2/(f~1(g()))® iterations £ of the process above (recall the index never exceeds
one), one must have constructed an e-regular partition PO as desired.

1.2. Modifying the graph approach. We see from the outline of the previous section that
the constructive proof of Szemerédi’s Regularity Lemma hinges on the relationship between
the e-regularity of a bipartite graph H and the number of K%)’s of H. The implications
in (2)-(4) assert that the property of e-regularity in graph H is essentially equivalent to the
parameter UC% (H)| being asymtotically minimized over all bipartite graphs of the same density.

The concept of 3-graph regularity in [14] is so-called (6, r)-regularity for 3-graphs H. While
we define this concept precisely in Definition 3.1 below, we say, for now, that it plays the role
of e-regularity in Szemerédi’s Regularity Lemma and is, correspondingly, the central concept in



AN ALGORITHMIC VERSION OF THE HYPERGRAPH REGULARITY METHOD 5

the Counting Lemma from [14, 30]. Similarly to (1), it is a co-NP-complete problem to verify
the property of (6, r)-regularity, and thus as in (2)-(4), we seek an easily verifiable property
which is essentially equivalent to (9, r)-regularity. Following the outline of the previous section,
a primary candidate would be to consider the number of Kégz’s in a 3-graph H, where we
recall K§32)2 is the complete 3-partite 3-graph with two vertices in each class. In Definition 2.2
below, we define the appropriate sense in which a 3-graph H contains ‘minimally-many’ copies
of K§32)2 (viz. (c, §)-minimality). Then, one hopes to transparently extend the graph approach
above, going between (d1,r)-regularity and («, d2)-minimality analogously to how we went be-
tween e-regularity and ‘K§22) -minimality’ with (2)-(4).

The problem in extending the approach above is that, unlike the case of graphs where one
has the equivalence established in (2)-(4),

(8) (61, 7)-regularity is not equivalent to («, d)-minimality.

In particular, our earlier work in [11] established that (with appropriately quantified constants)

9) (01, r)-regularity implies («, d2)-minimality
but that
(10) (o, 02)-minimality does not imply (61, r)-regularity.

(The details of (9) will, in this paper, be discussed in Proposition 3.2 below.) Then (10) implies
that Step (1) of the graph outline above can not be extended to the context of (41, r)-regular
hypergraphs. We now very roughly indicate the main idea we take in resolving this technicality.
(The precise details are given in Section 3.)

Unlike Frankl and R6dl’s Regularity Lemma, we formulate our algorithmic Regularity Lemma
in terms of («, d2)-minimality, meaning that for a given 3-graph H on n vertices, we want to
construct a partition P, most ‘parts’ of which have minimally many K%)g’s. Although the
concepts are (technically) different, the main idea is similar to Szemerédi’s proof [44, 45]. Let P;
be a constructed partition for H.

o If P; already has most parts with minimally many Ké‘;)g’s, then our algorithm termi-
nates with P;, as desired.

e If P; has many parts, each with too many Ké?g’z’s, then by (9), these parts can’t

be (01, 7)-regular (and witnesses against the (1, r)-regularity can be found in time O(n®)).

Now, however, we are philosophically at the center of Frankl and R6dl’s proof: we may

refine P; to obtain a new partition P;y1 whose index (defined later) is significantly larger

than that of P;.

The rough sketch above indicates that we find a minimal partition P rather than a (d1,r)-
regular one. A main result in this paper (upcoming Theorem 2.7) asserts that

(11) the concept of (o, 02)-minimality admits a corresponding Counting Lemma.

As such, we don’t need to find a (91, r)-regular partition, as did Frankl and R6dl, in order to
cooperatively apply a Counting Lemma.

Acknowledgement. We would like to thank an anonymous referee for a careful reading of this
paper, and for suggestions which led to a much improved exposition.
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2. MAIN RESULTS OF PAPER

In this section, we state the main results of this paper, an Algorithmic 3R-Lemma, Theo-
rem 2.4, and a corresponding 3-graph Counting Lemma, Theorem 2.7. We conclude the section
with an application of our theorems to a constructive hypergraph problem.

To state Theorems 2.4 and 2.7, we require some notation and concepts. We shall begin this
section by presenting concepts needed to state Theorem 2.4.

2.1. 3R-partitions. Given a 3-graph G with vertex set V', the 3R-Lemma guarantees partitions
of the vertices V and the pairs (‘2/), with respect to which G behaves ‘regularly’. In the sequel,
we refer to such families of partitions as 3R-partitions. We now describe the vertex and pair
structure of 3R-partitions.

Let V be a set with |[V| = N and let integers ¢ and t and reals v > 0 and € > 0 be given.
An (¢,t,~,¢)-partition P of (‘2/) is an (auxiliary) partitiqn V=WuWiu---UV; of V, together
with a system of edge-disjoint bipartite graphs B = {P;’: 1 <i < j <t, 0<a <{; </}, such
that

def

(1) Vol <tand |[Vi|=|Vo|=---=|V{| = L%J et
(2) Ufziio Pl = K(V;,V;) is a partition of the complete bipartite graph K(V;,V;) for all
1<i<j<t,

(3) setting Byeg to be the collection of those bipartite graphs from B that are e-regular, we

have
. t
2 . 2
E ‘Pa‘>(1 7)<2>n.

P €Breg

An (¢,t,~,e)-partition P is said to be equitable if for all but 7(;) pairs1 <i<j<t, |Péj| < yn?
and Py’ has density d i (V;, V) satistying |d i (V;,V;) — €7 <eforall a =1,... 0.
To describe the ‘triple structure’ of 3R-partitions requires still more definitions and notation.

For a fixed set V', let an (¢, t,,)-partition P of V be given. Any 3-partite graph P C B of the
form

(12) P=PIUPFUPk 1<i<j<k<t, 0<a<ly, 0<b<fly, 0<c</ly,

is called a triad. Denote by Triad(P) the set of all such triads P. For P € Triad(P), let ICgQ)(P)
denote the system of triangles of P:

Kém(P)::{{xghz}e (V

3> :{z,y, 2z} induces a triangle K§2) in P} .

Now, let G be a 3-graph on vertex set V' = V(G) where V has (¢,t,~,e)-partition P. For
P e Triad(P), we write Gp = G N Ing) (P) and define the density of Gp with respect to P as
2
ap = dg, (P) = |Gp|/|K§” (P)]. Set
v
ICS%,2 (Gp) = {J € <6> : J induces a copy of K§32)2 in gp}

where K§32)2 is the complete 3-partite 3-graph with 2 vertices in each class.
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2.2. Algorithmic regularity lemma. Our regularity lemma hinges on the concept of («a, d)-
minimality which is defined for the following environment.

Setup 2.1. Let P = P2UP?3UP be a 3-partite graph and H be a 3-partite 3-graph satisfying
the following conditions:
(1) H and P have common 3-partition V.=V (P) =V UVo U Vs, |Vi| = |Va| = |V3] = n;
(2) PV is ({71 ¢)-regular for each 1 <1i < j < 3;
(3) H € KP(P) and dy(P) = o
We note that Setup 2.1 models the environment of a ‘typical’ triad PY U Pg kU P* from an
equitable (¢,t,~,¢e)-partition P of (‘2/) where, here, V = V(G) is the vertex set of a 3-graph G

and H plays the role of GN ICéQ)(P).
We will confirm in Section 4 that that, with ¢ sufficiently small, Setup 2.1 ensures

8 3
(3 a® (n
(13) K852 0] = 755 ( 2) (1<)
(see upcoming Proposition 4.1). The following definition is therefore motivated.
Definition 2.2 ((«,d)-minimality). For 6 > 0, we say 3-graph H, as in Setup 2.1, is (o, 6)-
minimal with respect to P if
n

8 3
K. @) < 5 (5) @+0.

If 'H is not («, 0)-minimal with respect to P, then we say H is («, d)-excessive with respect to
P.

We now define a notion of ‘minimality’ for an (¢,¢,,e)-partition P of G. For ag,d > 0, we
first set

(14)  Triad(ag,5)-exc(P) = {P € Triad(P) : Gp =G N ]CéQ)(P) is (ap, 0)-excessive w.r.t. P

where dg,(P) =ap > ap }.
We say partition P is (o, d)-minimal with respect to G if
(15) 3 ]/c:(f) (P)‘ < 6N?,
PGTriadmO’(;)_exc (7))
and (ay, d)-excessive with respect to G otherwise. For future reference, we make the following
remark.
Remark 2.3. As defined, every triad P = Piy ng U Pk ¢ Triad 4,5)-exc(P) necessarily

satisfies that each of P/, Pg & Pi* is (1/¢,¢)-regular. In particular, the set Triad(P) splits into
three classes: those which are minimal, those which are excessive and those which contain an
irregular bipartite graph. O

We arrive at our first main theorem.

Theorem 2.4 (algorithmic regularity lemma). For all reals ag, 0,y > 0, integers ty and £y and
functions € : Nt — (0, 1), there exist integers Ty, Lo and Ny so that every 3-graph G on N > Ny
vertices admits an equitable and (ag,d)-minimal (¢,t,~,e(L))-partition P where by < £ < Ly
and tyg <t < Ty. Moreover, there exists an algorithm which produces the partition P in time
O(N?Y).
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In our proof of Theorem 2.4, the running time O(N®) will be easy to see. It is not, however,
optimal. Indeed, combining ideas from [26, 27] with some from the current paper, one can prove
a running time of O(N?). It seems likely that a running time of O(N?) should be possible.
However, as refinements to the running time are not our focus in this paper, we do not discuss
the issue here.

One can also prove the following form of Theorem 2.4 which may be slightly more convenient
in some applications.

Theorem 2.5. For all ap,d > 0, integers tg and {y and functions € : NT — (0, 1), there exist
integers Ty, Lo and Ny so that for every 3-graph G on vertex set V, |V| = N > Ny, there exist
integers by < £ < Lg and tg < t < Ty and a partition P of (‘2/) with the following properties:
(1) P has auxiliary partition V- =V U ... UV, split as evenly as possible, i.e., |[V1| < ... <
Vil < [Vi| + 1. g
(2) For each 1 <i < j <t, we have K(V;,V;) = Ulgagz Py where for each 1 < a < {, the
graph Py is (071, &(X))-regular.
(3) For all but §t3¢3 triads P € Triad(P) of density dg,(P) = ap > ag, we have that P
is (ap, d)-minimal with respect to Gp.

Moreover, there exists an algorithm which produces partition P in time O(N®).

While we only sketch the details, Theorem 2.5 follows from Theorem 2.4 by employing ideas
considered in [32]. In particular, one can, in time O(N?), alter a partition P4 produced
by Theorem 2.4 to obtain a partition Ps 5 promised by Theorem 2.5. Indeed, first equitably
distribute vertices of the ‘garbage class’ Vy of Po 4 into V3 U--- U V.. It is easy to show that
this process interferes with the regularity /minimality of Py 4 by at most a measure of o(1) — 0
as N — oo. Now, fix 1 < ¢ < j < t, where we suppose there are 7;; < f;; < ¢ many
(¢~1,e())-regular bipartite graphs P/, 1 < a < £;;. It is not hard to show that the union
of these r;; graphs is itself (r;;/¢,r;je(¢))-regular, and therefore, (r;;/¢, le({))-regular. It then
easily follows that the complement of this union (which contains Py’ and the ¢;; — r;; many
(¢~1,e(¢))-irregular bipartite graphs P;’) is (1 — r;;/¢, le(f))-regular. As such, one ‘randomly’

slices this complement into ¢ — 7;; new bipartite graphs R/, each of which is (almost surely)
(£71,30e(¢))-regular (see Lemma 30, p. 129, of [32]). Moreover, in time O(N?), this random
slicing may be algorithmically derandomized using Lemma 3.8, p. 144, of [22]. Repeating this
procedure for all 1 < i < j <t produces the partition Py 5 promised by Theorem 2.5. (Note
that triads P which were originally (ap,d)-minimal w.r.t. Gp are unaffected by the process

above since each bipartite graph of P was already (£~!,&(¢))-regular (cf. Remark 2.3).)

2.3. Counting Lemma. We prove a hypergraph Counting Lemma compatible with our algo-

rithmic regularity lemma, Theorem 2.4. In what follows, for a hypergraph G on vertex set V'

and an integer £, let IC,(;’)(Q) denote the system of k-cliques in G:

IC](gg) G) = {K = (Z) : K induces a clique K,gg’) of size k in g} .

Our Counting Lemma takes place in the following environment.

Setup 2.6. Suppose
(1) P = Ui<icj<k PY is a k-partite graph and H = Ui<heicj<k HMI C ICéQ)(P) is a k-
partite 3-graph, each with k-partition V(P) = V(H) =ViU.. .UV, [Vi| =... =|Vi| =
n.
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(2) Each graph PY, 1 <i < j <k, is (1/,¢)-regular.
(3) Each 3-graph H"i C KP(Ph U P U PM), 1 < h <i<j <k, is (a,6)-minimal
with respect to P U Pii U Pt je.. dynis (P U P U PY) = o and ]zcg?gg (H’”j)‘ <
8 1\ 3
&= (5)" (1 +9).
In the environment of Setup 2.6 and with appropriately chosen constants, we estimate \ICff) (H)|
with the following Counting Lemma.

Theorem 2.7 (Counting Lemma). For all integers k and o > 0 there exists 5o > 0 so that
for all 0 < 6 < d9 and integers € there exists € > 0 so that, with n sufficiently large, whenever
H= U1<h<i<j<k: HMI and P = U1<i<j<k: P are as in Setup 2.6 with these constants, then

al5)
o(5)

We mention that our error term is not optimal, and is taken in this paper for convenience.

]/C,S”)(H)] = Lot (14 g7 )

2.4. Application: constructive fractional packings. In [1, 13|, and more recently [4],
a number of applications are given using the algorithmic version of Szemerédi’s Regularity
Lemma. It is likely that the work of the current paper allows some of these applications to be
extended to a 3-uniform hypergraph setting. In what follows, however, we discuss an application
of our work to a different problem, which concerns constructive fractional packings.

Let fixed 3-graph F be given. For a 3-graph G, let (]gt) denote the set of copies Fy of F
contained in G. An F-packing of G is a collection of pairwise edge-disjoint elements of (g-) We
denote by v£(G) the maximum size of an F-packing of G. A fractional F-packing of G is any
function 1 : (J,gﬁ_) — [0, 1] such that for every fixed edge e € G, we have Z(g)afoae P(Fo) < 1.

Then, v(G) is defined to be the maximum value of } - e(9) ¥ (Fo) taken over all fractional F-
f

packings of G. It is clear that v3(G) > v#(G) holds for all 3-graphs G.

While computing v#(G) is an NP-hard problem (cf. [12]), computing v%(G) is known to be a
linear programming problem (and hence can be done in polynomial time). Extending a result
of the first and third author [22] for graphs, the current authors proved in [21] that

(16) vE(G) = vr(G) = o(IV(9)P)

holds for all 3-graphs G.
Theorems 2.4 and 2.7 may be combined to give the following constructive extension of (16).

Theorem 2.8. For all fired 3-graphs F and constants € > 0, there exists Ny so that for all
3-graphs G on N > Ny vertices, an F-packing of G of size vr(G) — eN? can be constructed in
polynomial time.

Proving Theorem 2.8 requires attention to a few technical details. We defer its proof to a
forthcoming paper.

2.5. Organization of paper. The remainder of this paper is organized as follows. In Section 3,
we prove Theorem 2.4, the Regularity Lemma. In Section 4, we present some facts on («, d)-
minimality we need to prove Theorem 2.7, the Counting Lemma. In Section 5, we prove
Theorem 2.7. In Section 7, we show how upcoming Proposition 3.2 follows from our earlier
work, Lemma 5.8 of [11].
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3. PROOF OF THEOREM 2.4

Our proof of Theorem 2.4 follows the outline set forth in Sections 1.1 and 1.2 of the Intro-
duction, but uses the hypergraph language established in this paper as well as in Frankl and
Ro6dl [14]. We begin by reviewing some concepts from [14], beginning with the crucial concept of
(6, r)-regularity (compare this with the concept of our paper, (a, d)-minimality - Definition 2.2).

Definition 3.1. Let 6 > 0 and integer r be given. We say 3-graph H is (6, r)-regular with
respect to graph P if for any sequence Q, = (Q1,...,Q,) of subgraphs Qs C P, 1 <s <,

U@
s=1

>S[KPP)| = Jan(@) — dn(P)] <5,

where

UL kP @)

o 2
Ui £7(@0)

is the density of Q, with respect to H. If H is not (0, r)-regular with respect to P, we say 'H is

(6, r)-irregular with respect to P, and in this case, any vector Q, = (Q1,...,Q,) violating the

regularity condition above is said to be a witness of the (9, r)-irregularity of H with respect to
P.

(In the definition above, when [J._, ngQ)(Qs) = (), we shall define dy(Q,) = 0.)
The paper [14] also extends the notion of the graph ‘index’ (cf. (5)) to hypergraphs. For a
3-graph G with (¢,t,~,e)-partition P, define the index of P with respect to G as

(17) ind P = % > 2. k@)

PETriad(P)
Similarly to (5), it is easy to see that ind P < 1.
We need one final preparation before proceeding to the proof of Theorem 2.4. As in (14)
where we defined the family Triad(y, 5)-exc(Ps) of all ‘excessive’ triads, we define

dH(QT)

(18) Triad 5 ,)-irr (P) = {P € Triad(P): Gp=GnN IC:(,?)(P) is (0, 7)-irregular w.r.t. P}

as the family of all ‘irregular’ triads. (By our definitions, a triad P € Triad s, i (P) is allowed
to have a bipartite graph P’ which is not (¢!, ¢)-regular (where 1 <i < j <tand 1 <a < {;;),
while a triad P € Triadq,,s)-exc(P) is not.)

Now, to prove Theorem 2.4 according to the outline from the Introduction, we need the
following Propositions 3.2 and 3.4, and begin by presenting the former. Proposition 3.2 below

generalizes the common implication of (2) and (3) (which said that, for graphs, e-regularity

(Q)—minimality). Proposition 3.2 asserts that if H is (04, r)-regular w.r.t. P, then it is

implies K22
also («, dp)-minimal w.r.t. P (or, as we shall apply it, if H is («, dp)-exceesive w.r.t. P, then it

is also (04, r)-irregular w.r.t. P).

Proposition 3.2 (excessiveness = irregularity). For all « and dp, there exists 64 > 0 so that
for all integers €, there exist € > 0 and integer r so that whenever H and P satisfy the hypothesis
of Setup 2.1 with constants a, £ and € and n sufficiently large, then the following holds:
(1) if H is (o, 0p)-excessive with respect to P, then H is (04, r)-irreqular with respect to P;
(2) moreover, one may construct, in time O(n’), a witness Q, of the (34, r)-irreqularity
of H with respect to P.



AN ALGORITHMIC VERSION OF THE HYPERGRAPH REGULARITY METHOD 11

Remark 3.3. Statement (1) of Proposition 3.2 can be inferred from Lemma 3.1.1, the ‘Count-
ing Lemma’, of [30]. Indeed, let H and P be given as in Setup 2.1 with suitably chosen constants,
where H is (9, 7)-regular w.r.t. P. The Counting Lemma implies that H contains (asymptot-
ically) the same number of copies of any fixed subhypergraph (and in particular, K§32)2) as is
expected in the corresponding random 3-partite hypergraph. (Here, the corresponding random

hypergraph is the binomial random subset of triangles from P including each element of ICgQ) (P)
independently with probability «.)

In this paper, we shall need Statement (2) of Proposition 3.2. This statement was proven,
in slightly different language, in Lemma 5.8 (Algorithm A) of [11]. For completeness, we prove
that Proposition 3.2 follows from Lemma 5.8 (Algorithm A) of [11], and give this proof in
Section 7. O

We remind the reader (cf. (8)) that the converse of Proposition 3.2 is, in general, not true
(see [11] for details).

In our proof of the hypergraph regularity lemma, Theorem 2.4, we will also use Proposition 3.4
below. This proposition will extend the ‘index-increasing’ step (7) stated the Introduction from
graphs to hypergraphs. To motivate this proposition, note that we may count the number of
copies of K§32)2 spanned in each triad P of an (¢,t,,¢)-partition P. For those triads P with
‘excessively many’ copies, Proposition 3.2 asserts P is ‘irregular’, and builds a corresponding
witness Qp. If many of these triads P are found, in this way, to be irregular, then the following
proposition will construct a new partition P’ from P and the witnesses Qp, where P’ has index
non-trivially larger than that of P. (In what follows, one may therefore think of the subfamily
T* as a class of suitably ‘excessive’ triads.)

Proposition 3.4 (inflating the index). Let constants 6 and v be given as well as functions
e:NT — (0,1) and r : N* — N and integers loq and toq. There exist constants

Lo = Lo(6,7,€,7,o1d told), To =To(5,7,€,7,4o1d, tod), No = No(d,7,€,7,4o1d; told)

so that the following holds:

Suppose G is a 3-graph on N > Ny wvertices with (Lod,tod, Y, €(oid))-partition Pog, and
suppose T* = Triad(s .4, ))-irc(Pola) s a subfamily of the collection of all (6,7 (€o1a))-irregular
triads Triad sy (¢,,))-irr(Pold) (see the notation in (18)), satisfying the following properties:

(1) for each triad P of the subfamily T*, one is given witness Qq,,),p of the (6,7(loa))-
irreqularity of Gp = G N IC:(,)Q) (P) with respect to P;
(2)
3 ‘/C?’(P)‘ > ON3.
PeT*
Then,

(a) there exists an equitable (bnew, tnew, Vs € (Cnew))-partition Puew of (‘2/) for which

. . &
(19) ind Ppew > ind Pyq + 5
where Log < lpew < Lo and toq < thew < Tp. Moreover,
(b) there exists an algorithm which in time O(N?) constructs the partition Pyey above from

Pola and the given collection of witnesses {Qp,y,p: P €T"}.

old)
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The proof of Proposition 3.4 is given in [14] with no focus to being algorithmic. We shall
not give a formal proof of Proposition 3.4, but we will now sketch a proof to indicate how its
algorithmic part is obtained:

The approach in [14] is similar to Szemerédi’s [45]. Consider the Venn diagram of the
intersections of the witnesses Qp = Qg ,),p over all P € 7*. In (1) of the hypothesis
in Proposition 3.4, these witnesses are given to us. (In Szemerédi [45], these witnesses were
subsets of vertices; here, the witnesses are (r-tuples of) subsets of pairs.) This Venn diagram

has at most
2|T*|r(€old) < 2t31dé§1d7’(fold)

regions (this number is independent of N), where each region is a bipartite graph. This Venn
diagram defines a refinement P’ ; of Pyq, so that P/, is itself a partition. (The index of P!,
is larger than that of Pyq on account of the fact that in (2), we assumed ‘many’ triangles were
lost to irregular triads in Pyiq.) The bipartite graphs of P! ; may not be ‘regular’, so we apply
Szemerédi’s Regularity Lemma to each. (The Regularity Lemma is known to be algorithmic
by the result of Alon et al. [1, 13].) The resulting (regular) bipartite graphs may have differing
densities, so we ‘randomly slice’ each into thinner ‘equidense’ layers (this is the same idea we
discussed earlier after stating Theorem 2.5). This random slicing is derandomized, however, in
Lemma 6 (p. 17) of Haxell and R6dl [22]. (These latter two refinements of P, are done at no
real cost to the index of P/ ;.) The process above produces the partition Ppew. For the formal
details of this outline, see Lemmas 3.9 and 3.10 of [14] (pp. 145 and 149) and Lemma 6 of [22].

We now give the proof of Theorem 2.4 using Propositions 3.2 and 3.4 and following the
outline of the Introduction.

3.1. Proof of Theorem 2.4. For quick reference on the proof that follows, we provide a flow-
chart in Figure 1. In the immediate sequel, we formally describe all parameters used in our
argument.

3.1.1. Constants of Theorem 2.4. Let ag,d,y > 0 be given as well as function € : N — (0,1).
For simplicity, let o = 1 (most applications of the original Frankl-R6dl Hypergraph Regularity
Lemma (cf. Theorem 3.5 of [14]) take ¢y = 1). Let integer ty be given. Let us now briefly
describe a few auxiliary constants we will need momentarily.

For ap and 65 = 9, let

(20) 5§ = 5132 (g, 6)

be the constant guaranteed by Proposition 3.2 where we may assume, without loss of generality,
that

3.2
(21) 58 < 5.
For an integer variable £ € N, let
(22) eB2(0) = 62 (qay, 4, 51(32)’@ and 132 (0) = r3(qq, s, 592),6)

be the functions guaranteed by Proposition 3.2. Without loss of generality, we shall assume the
given function e satisfies

(23) e(t) < ()

for every integer ¢ € N.
Theorem 2.4 promises constants Lo, Ty and Ny, which we shall now formally describe (al-

though, they will be easier to see later in context). With v > 0 (given as above), 555"2) (given
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n (20)), function e(¢) < eB32)(¢) (given as in (23)) and r32)(¢) (given in (22)) fixed, and for
arbitrary integers foq and toq, Proposition 3.4 promises constants

Lo(lowa, told) = L83'4)(’Y, 5(3'2) Le(0), 732 (0), £oia, towa),

To(lord; told) = T(3 4)( 5(3 2), e(0), 73D (0), Lord, tola),
and i
No(lords told) = N( )( G20, Lo1a; tola)-

,e(0), r(
We successively define constants L(() ), Té ? and N(g ), 0<i<2/ (5;3'2))4, as follows: with already
given constants £y = 1 and tg, set

LY = Lo(ty =1,t0), T =Tyt =1,t0), N” = No(to = 1,t0).
For1<i< 2/(61(2'2))4, set
(24) LY = Lo(Lg V), o = mo(nd YY), N = No(Lg Y 1Y),
Then, the constants Ly, Ty and Ny of Theorem 2.4 are given by
(25) Lo=L, Ty=T0) Ny=N™

where
. 2

This concludes our discussion of the constants.

3.1.2. The argument. Let 3-graph G be given on sufficiently large vertex set V, |V| = N. We
are going to construct, in time O(N®), an (ag, §)-minimal and equitable (¢,t,, e(£)) partition P
for G for which 1 < ¢ < Ly and ty <t < Tp for Ly and T given in (25). The main idea of the
proof is outlined in the Introduction as well as the flow-chart in Figure 1.

Start with the partition Py, taken as K (Vp, V1, ..., Vi, ) where V(G) = VyUVU- - -UV,, is any
vertex partition with |Vo| < tp and |Vi| = --- = |V4,| (so that B consists of the (t2°) complete
bipartite graphs K[V;,V;], 1 < i < j < tg). Then P; is an equitable ({y = 1,t0,7,e({o))-
partition since, in fact, it is an equitable (¢y = 1, %, 0, €)-partition for any > 0.

For an integer 1 < s < 2/ (51(3'2))4 (this upper bound will become clearer within the con-
text of the proof), assume Pi,...,Ps are constructed partitions where Py is an equitable
(ls,ts,7v,e(ls))-partition of (‘2/) where

(26) 1<, <LE™Y and ty <ty <7V

for the constants L(()S_l) and Tés_l) defined in (24). The main idea here is similar to that used
by Szemerédi [45]. We shall either verify that Ps is (v, d)-minimal, or else, we shall construct
a new partition Ps11 whose index (cf. (17)) is larger than that of Ps. Moreover, we show that
these steps can be carried out in time O(N®).

Our first step in the algorithm is to compute, for the partition Ps above, the sum (cf. (15))

(27) Y ‘/QS?)(P)‘ .
PETriad (o 5)-exc(Ps)

The central operation in computing this sum consists of identifying

(28) Toxe & Triad o g)-exc(Ps) C Triad(P).
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Indeed, for each of the (tg)ﬁf;’ triads P € Triad(Ps), we count the number of K§?2)727S appearing

ingGp=4gn IC:(32) (P). As such, computing (27) has complexity O(NY).
Upon computing the sum in (27), two outcomes can occur (cf. (28)):

(29) Z ’/Cz(f) (P)‘ < ON? (1:5; Ps is (a, 0)-minimal
PeToxc

or

(30) Z "C;E,Q)(P)‘ > §N3 (1:5; P is (ap, 0)-excessive.
PE,]-EXC

If we determine that (29) occurs, then we are done. Indeed, Ps is the (ag,d)-minimal and
equitable ({s,ts,,e(ls))-partition we wanted to construct. This situation is the analogue of
Step (1) in the Introduction.

Otherwise, we determine that (30) occurs and we are in a situation similar to Step (2’) in the
outline of the Introduction where we increased the graph index in (7). Here, we want to show
that from the large sum in (30), we may construct a new and equitable (€sy1,ts41,7,€(lst1))-
partition Psy1 of (g) whose index is non-trivially larger than ind Ps. Moreover, we want to show
the new parameters f511 and ts11 satisfy £511 < L(()S) and ts1q < TO(S) (cf. (24)). Proposition 3.4
is precisely the tool to do this.

Before we can apply Proposition 3.4 to the partition P4, we need to show that its hypothesis
is met. To that end, set

(31) 7" = Triad*

(532 10.2)(¢))-iee (F2) = Tri8d (a0 8)-exe (Ps) = Texe-

Proposition 3.2 will guarantee that for each excessive triad P € Toxc,

(32) one may construct, in time O((N/t,)®), a witness Q)P
of the (51(5'2), rB32)(8,))-irregularity of Gp = G N /CéQ)(P) w.r.t. P,
so that, in particular (cf. (18)),

T =Toe C T‘riad(af‘Q),r(3-2)(ES))—irr(Ps)'
Indeed, fix triad P = Py U PJ* U P* € Triad sy sy-exe(Ps) where 1 < i < j < k <ty and 1 <
a,b,c <l (so that P has 3-partition V; UV; UV, where | N/ts| < |Vil, |Vj], |Vi| < [N/ts]). We
intend to apply Proposition 3.2 to graph P and hypergraph H = Gp = GNK3(P). Note that the
constants involved with P and Gp meet the requirements of Proposition 3.2. Indeed, P € Zexc
means that with dp = §, Gp is (ap,dp)-excessive w.r.t. P where ap = ]gp]/|lC:(32)(P)| >
ap where oy was given in the beginning of the proof (cf. Definition 2.2 and Remark 2.3).
Moreover, each of the bipartite graphs Péj,ng,Pcik is (1/4s,e(ls))-regular, where by (23),
e(ly) < eB2(1,) where e32)(£,) is chosen in (22) sufficiently small to apply Proposition 3.2.
Therefore, Statement (2) of Proposition 3.2 guarantees a O((N/ts)%)-time algorithm which
constructs a witness Q,.(s.2)(,) p of the (5&?'2), r(32)(4,))-irregularity of Gp w.r.t. P.
Continuing, (32) implies that Statement (1) in the hypothesis of Proposition 3.4 is met by
the partition Ps. To see that Statement (2) in the hypothesis of Proposition 3.4 is also met, we
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compute Y pcs. K57 (P)|

i

Sper,. K (P)] > N3
(Ps is ‘excessive’)

Prop. 3.2l

VP € Texe, construct wit-

ness QT(3A2)(43)7P € Qexc of
irregularity

so thatJ{

triads 7% = 7oy satisfy hypothe-
sis of Prop. 3.4

FiGURE 1. Flow chart for the proof of Theorem 2.4.

i 3.2
(Ls,ts,v,e(ls))-partition, (51(4 )

Prop. 3.4
—_—

return to the large sum in (30) (cf. (31)) to see

2
Sper,. K5 (P)] < oN?

thenl

’ Ps is (ap, d)-minimal; stop

repeat process for Py, 1.

|

construct partition P41 where

. . (6(3.2))4
ind Psy1 > ind Py + ~45—;

Here, Ps is a given

<0 (cf. (21)) and T* = Texc is defined in (28).

> [ep)| = an? D s

PeT*

Thus, Proposition 3.4 applies to the partition Ps.
Proposition 3.4 constructs, in time O(N?), an equitable (£s11,%ts11,7,€(fs11))-partition Pyyq
of (g) for which

(33)

3.2)\4
| o (67)
ind Psq1 > ind Ps + ———

and for which

and

(34)

(26) o o
loy1 < Lo(ls,ts) < LO(L((] 1)’ 0( 1))

(26) e
to < ter1 < To(lsits) < To(LS D, Ty =

2

(i4) L(()s)

15

Now, the proof of Theorem 2.4 is essentially complete. Indeed, by (33), we can repeat the con-

4
structive procedure above at most 2/ (51(5'2)) times (the index can’t exceed one), in which case,

for some iteration, we must have constructed an (ag,d)-minimal and equitable (¢,¢,~,e(¢))-
partition P, where ¢ < Lo and ty <t < T} for Ly and Ty defined in (25).

As a final note, it is easy to see that the construction above is completed in time O(NY).
Indeed, the application of Proposition 3.2, which constructs witnesses Qr<3.2)(55)’ p for each

P € T* = Tex., contributes O(N®) complexity. The application of Proposition 3.4, which
constructs the new partition Psy1, contributes O(N?) complexity. As such, the complexity
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O(N®) of the algorithm is generated by counting copies of K. 532)2 in (27) (by which we determine
whether or not partitions P are («y, d)-minimal). This completes the proof of Theorem 2.4.

4. PROPERTIES OF (c,0)-MINIMALITY

It is well known that, in certain hypergraph contexts, having the (asymptotic) minimum

)

number of copies of Ké?m implies various other properties (see [7, 25]). In our proof of the
Counting Lemma, Theorem 2.7, we shall need some of these properties for the context of
Setup 2.1! (these properties are stated as upcoming Propositions 4.1-4.6). At the end of this
section, we sketch the proofs of upcoming Propositions 4.1-4.6.

Recall that we asserted in (13) that a hypergraph H (with graph P) as in Setup 2.1 will

contain at least ~ (oz8/€12)(g)3 many copies of K§32)2 If H has at most ~ (a8/£12)(g)3 many
such copies, then we defined (in Definition 2.2) H to be («, §)-minimal w.r.t. P. In this section,

we also wish to consider a notion of minimality for the frequency of the subhypergraph K 52)72,

where K %)2 is the complete 3-uniform 3-partite hypergraph whose vertex partition classes have
sizes 1, 2 and 2. To that end, with H and P given as in Setup 2.1, let

K000 = { () a0 0oy s w e i fay e () twor e (),

{z} U{a} U{b} U{u} U{v} induces K%)Q in H} .
Note that this family is different from, say,

K200 = { (e @) 0 s oy e () tany e () uena

145

{2} U{y} U{a} U {b} U {u} induces K53, in H} ,

and different from ICS%Q(H), which is defined similarly. We proceed to state Propositions 4.1—
4.6, and conclude this section with (sketches of) their proofs.

Proposition 4.1. With given constants o, 6 and ¢, sufficiently small € = e(c,6,€) > 0 and
sufficiently large n = n(«, 9,4, ), suppose H and P are as in Setup 2.1. Then

ISEREIE j:n(g>2 (1) and [£§),00]> & @3 (1),

The following definition is now motivated (cf. Definition 2.2).

Definition 4.2. With H and P given as in Setup 2.1, we say H is («,d)1-minimal w.r.t. P if
4 2
3 (0% n
\;cgvg,m)] < €8n<2> (1+9).

Remark 4.3. For a clear distiction in this section, we shall refer to the original (¢, §)-minimality
as (a, d)2-minimality. O

The following proposition relates («, §)o-minimality with (a, d);-minimality.

1Setup 2.1 allows for the possibility that 1/¢ < §, while the opposite situation § < 1/ is considered in [7, 25].
The proofs we sketch for Propositions 4.1-4.6 are similar, nonetheless, to the proofs given in [7, 25].
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Proposition 4.4. With given constants o, 6 and ¢, sufficiently small € = e(c,6,€) > 0 and
sufficiently large n = n(a, 0,4, €), suppose H and P are as in Setup 2.1. If H is («, d)a-minimal
w.r.t. P, then H is also («, §)1-minimal w.r.t. P. In particular, if H is (o, 0)2-minimal w.r.t. P,
then all of the following inequalities hold:

Oé4 n 2
;cg?gﬂm\ < €8n<2> (1+ ).

We sketch the proof of Proposition 4.4 at the end of this section.
To present Propositions 4.5 and 4.6, we require some notation. With H and P given as in
Setup 2.1 and = € V an arbitrary vertex, let

(36) L, = {{u,v} € P: {x,u,v} € H}

’ ’Cg?%Q(H) )

(35) ) 2(0)

denote the link of x. For vertices z,y € V, let
(37) Lyy=LyNL,

denote the colink of z and y. For Propositions 4.5 and 4.6, we also consider the following
supplemental notation. For x € V, let

P, = {{u, v} e P {z,u,0) € /cg?(p)} = P[Np(2)]
be the subgraph of P induced on the P-neighborhood of x. For vertices x,y € V1, let
(38) P,y = P, NP, = P[Np(z,y)].

In the context of Setup 2.1, it is well known (cf. Fact 1.4 from [29]) from the (/=1 ¢)-regularity
of P12, P23 and P'? that all but 4en vertices z € Vi (8¢(}) pairs {z,y} € (‘/2'1)) satisfy

1
(30) @&m@wﬂmm@ﬂ=(£iﬁn,j:z&

1\
(degPlj(xay) = |NP1j(xay)| = (f :l:5> n, J= 2’3> .

As such, with ¢ sufficiently small (say, 0 < & < 1/(2¢)?), all but 4en vertices z € V4 (8¢(}) pairs
{z,y} € (})) satisfy

1 1 n?
(40) |Py| = <£ + 5) degpiz(x) - degpis(x) = <€ + 6) n? = B (1+44e),

1 1 b 2
<|ny\ = <€ + E) degpi2(z,y) - degpis(z,y) = <£ + 5) n? = Z—S (1+ 665)) ,
which follows from the (¢7!, ¢)-regularity of P?3. In particular, one can prove (cf. Fact 1.5
from [29]) that all but 4en vertices x € V; (pairs {z,y} € (‘;1)) satisfy that
(41) Py is (071, 20e)-regular  (Pyy is (£71,40%)-regular).
We now present Proposition 4.5.

Proposition 4.5. With given constants o, 6 and ¢, sufficiently small € = £(«,6,¢) > 0 and
sufficiently large n = n(«, 6,4, ¢), whenever H and P are as in Setup 2.1, the following hold:
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(1) if H is (a,é)l—minimal w.r.t. P, then all but 36Y/3n vertices x € Vi satisfy
L] =2 (1 + 351/3) 2 a|p,| <1 i461/3>
(2) if H is (a,é)g—mimmal w.r.t. P, then all but 36Y/°n? pairs {z,y} € (‘gl) satisfy

\ny\z i <1i361/3> = Q\nyy<1i45l/3)

Upcoming Proposition 4.6 establishes a ‘local characterization’ of («,d);-minimality and
(a, §)9-minimality, respectively. We use the following supplemental notation in our presentation.
For a pair 1 <7 < j < 3 and integers s1, so € {1,2}, let
(42) K2

2. = {sis: sie (V)see (M)

Note that for each element (S7,.52) € ICQS2 (PY), the set S1U S5 induces a copy of the complete
bipartite graph K. éf?SQ in PY. In context, we shall use the standard fact that for s, sy € {1,2},

(43) K&, (P1)] = gs; <Z> (;) (1<)

which follows from the the (¢~ )-regularity of P¥ (cf. Setup 2.1) whenever £ > 0 is sufficiently
small and n = n(¢,¢) is sufficiently large.

Proposition 4.6. With given constants o, 6 and ¢, sufficiently small € = £(«,6,¢) > 0 and
sufficiently large integer n = n(a, d,4,¢), whenever H and P are as in Setup 2.1 with these
constants, the following hold:

(1) (a) if H is (o, 0)1-minimal with respect to P, then all but 351/3\IC§?%(P12)] many ele-

ments ({z},{a,b}) € le%(PlQ) satisfy

degy, (a,0) = (%)2% (1+362) @ (%)2degplg(x) (1+65%);

conversely,
(b) if all but cWC(z (P'2)| many elements ({z},{a,b}) € K 2%(Plg) satisfy

2 n
degy, (a,b) = (7) 5 (1),
then H is («,36'/3)1-minimal w.r.t. P;
(2) (a) if H is (o, d)2-minimal with respect to P, then all but 351/3\IC§?%(P12)] many ele-
ments ({z,y},{a,b}) € IC%(PH) satisfy

a\* n a2\ 2
degy,,(a,b) = <€> 72 (1 i361/3> ) <€> degps(z,y) (1 i661/3);

conversely,

(b) if all but 5\IC(2 (P2)| many elements ({z,y},{a,b}) € K 2%(Pm) satisfy

)

O(2

degy, (a,b) = (5)2 5 (1£0),

then H is (v, 36'/3)g-minimal w.r.t. P.
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4.1. Proofs. In all that follows, H and P are as in Setup 2.1. The constants «, ¢, ¢ are fixed,
and we shall take ¢ = £(a,0,¢) > 0 sufficiently small and n = n(a,d, ¥, ) sufficiently large
whenever needed. We denote an application of the Cauchy-Schwarz inequality by ‘CS’, and we
denote by o(1) a quantity vanishing as n — oc.

Proof of Proposition 4.1. Here, we prove only the promised lower bound for ]IC§3%2(H)| The

proof of the corresponding lower bound for \IC1 49(H)| is similar (and can, in fact, be derived
from the calculations below).

Summing over all ({z,y},{a,b}) € IC%(PH) yields

<;—0(1)> > degi, (a,b)

deg a,b
iy efhaoo) = 3 (TEg )
K (P12) K (P12)

2

2

cs /1 1
2 (5-ow) || X a0

K

- (3-o0) e el (- ) £ e

2

)

where we used £ > 0 sufficiently small and n sufficiently large. Summing over all ({a, b}, {u}) €
IS (P?) yields

de a,b
@) feoo]= 3 () = (Goow) X des @)
]Cé?i(pQS) IC(?>(P23)
2

2 (5o e | T den, )

K5 (P29)

(43) Iz
> (1= | Y degy,(ab) |
n
K3 (P2

where we used that € > 0 is sufficiently small and n is sufficiently large. Note that

W Y deg@h— Y (degL;(U)>:<;—o(1)> > deg? (u)

K(Q) (P23) {z,u}ep13 {z,c}ep13

2

S(3oom) it (X aem, )] = (5-om) 1P

{z,u}epPl3

Now, the e-regularity of P'3 gives |P'3| = (n?/f)(1 £ ¢) and Setup 2.1 and Fact 1.2 ensure

3
_ _ 1/3
(47) | = alKs(P)] = a7 (115 )
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so that, in view of (46) (and e > 0 sufficiently small and n sufficiently large),
1/4 2”4
(48) Z deg; (a,b) ( —€ )a 5
IC( P23)

Combining (44)—(48) and employing € > 0 sufficiently small and n sufficiently large, we conclude

(49 .00]= 5 (3) (1),

as promised. ]

v

Proof of Proposition 4.4. Suppose H is («,d)o-minimal w.r.t. P. We show H is also («,d)1-
minimal w.r.t. P. For this, note that it suffices to prove any of the inequalities in (35
|

n (35)
since swapping the roles of Vi, Vs, V3 preserves (a,d)2-minimality. We show ]/Céggl(H) <
(a4/fs)n(g)2(1 + ). Indeed, the inequalities of (44) give

3 2 2) 3 (43) 1 (n\? 3
55,00 = @+ o) KPP [K§2m)| < @+ o) () (1+672) [KE3.00)]
Since H is (v, §)2-minimal, i.e., \IC%?’%Q(H)] < (a8/£12)(§)3(1 + 0), it now follows (with e suffi-
ciently small and n sufficiently large) that \Kgggl(H)\ < (a4/£8)n(g)2(1 +9). O
In our proofs below, we shall use the following well-known ‘approximate’ version of the

Cauchy-Schwarz inequality (for a reference and a proof, see, for example, Proposition 1, p. 5,
in [42]).

Fact 4.7 (Approximate Cauchy-Schwarz). Let vy > 0 be given and suppose aq, . ..,as > 0 satisfy

(1) X5 @ 2 as(l =),

(2) Zz la’z <a 8(1 +’7)
Then |{i € [s] : |a —a;| < 2’)/1/3(1}‘ > (1- 271/3) 5.
Proof of Proposition 4.5. We sketch the proof of Statement (1) (for single links) (the proof of
Statement (2) for colinks L, is similar). Assume that H is (o, §);-minimal w.r.t. P. We show

that all but 36'/3n vertices x € V; satisfy |Lg| = (o/€3)n?(1 & 36'/3). In our proof, we shall
need the following inequalities, which are virtually identical to (45) and (46):

o0 fetool = 3 (")

K% (P12)

¢ <; _ 0(1)> ‘IC%(PH)‘A Y degy (ab)

)

(where we sum over all ({z},{a,b}) € IC% (P'?)) and

(51) S g (@b = Y (degL;(U)>:<;_o(1)> ST degl(w).

;C%(plz) {zu}epts
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We want to use Fact 4.7 (with the a;’s being the terms |L,|, © € V}). To that end, we need
the following preparations. Observe that

2

Z |L.| = |H| > a—j (1—51/3> > (a%)n(l—%).

zeVy

To bound > . |L|?, we separate the sum into two groups. Let V/ denote those vertices
x € Vj for which degpis(z) = ({71 & &)n. Then |V \ V]| < 2en and so

(52) S ILP =D L+ D |LoP <260’ + ) |Lo[*

z€V] zeVy zeVi\V/ zeV/

We now bound Zmevll |L;|%. To that end, observe that

Z degL Z Z degL Z Z deg%m(u)

{.Z‘ U}EP13 eV UENP13( x) IL‘GV UENPlg( x)
2
CS
> Z deg;h(w) Z deg; () Z degp13 )| Ly |* > 1 + le)” Z |L|?,
zeV/ uENp13(T) zeV/ zeVy

where we used that each x € V/ satisfies degpis(z) = (¢~ £ ¢)n. These inequalities, combined
with (50) and (51) (and e > 0 sufficiently small and n sufficiently large) then yield

S| < (s 2) 2 kP [k8),00] € (4 4+20) 00
zeVy

Since H is («, d);-minimal w.r.t. P, i.e., |IC§3%2(H)| < (a4/€8)n(g)2(1 + 0), we then see (with
0<e<kd)

7”L2 2
(53) > L < <a£3> n(1 + 29).

zeV/

Combining (52) and (53), we then see (with 0 < &£ < §)

n2\ 2 n2\ 2
Z ‘Lx’2 < 2en® + (O‘g?,> n(1+20) < (0‘63> n(1+ 39).
zeVy
Now, to conclude the proof of (Statement (1) of) Proposition 4.5, we set, as in Fact 4.7,

n2

v=30, s=mn, a—ag—?)
and set the a;’s to be the terms |L,|, z € Vi. Fact 4.7 applies to say that for all but 2(36)'/3n
many vertices z € V;, we have

Lo| = a2 (1 + 2(35)1/3)

03

Since 2 - 3'/3 < 3, we have shown that all but 36'/%n vertices = € V; have |L,| = a(n?/£3)(1 +
361/3), as promised by Statement (1) of Proposition 4.5. O
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Proof of Proposition 4.6. We sketch the proof of Statement (2) (involving colinks L,,) (the
proof of Statement (1) (involving links) is similar). To that end, we shall concentrate on the
proof of Statement (2)—(a), since the proof of Statement (2)—(b) is quite standard. (Indeed, to
briefly sketch it, suppose all but (5|IC§?2)(P12)] many copies ({z,y},{a,b}) of Cy in P'? satisfy
degy,, (a,b) = (@?/0)%(n/?)(1 £ 6). Recall (cf. (44))

o000 = > deg“;(a’b)),

K$(P12)

where our assumption is that we may control (from above) all but a § proportion of the terms
in the sum. Therefore, to establish an upper bound on |IC§’%72(H)|, we need to estimate the
contribution of those at most 0 proportion of terms over which we no not have such tight
control. To this end, we use the e-regularity of the graphs P2, P23 P13 to conclude that all
but £/3n* many terms ({x,y}, {a,b}) satisfy degy, (a,b) < 2n/¢*, which essentially ends the
argument. ) ‘

We now prove Statement ( )—(a). To that end, assume H is («, J)g-minimal w.r.t. P. We

prove that for all but 351/3|IC )(P 2)| many elements ({z,y}, {a,b}) € IC%(PH), we have

7

062
degy, (a,b) = ( - > 5 (1 1351/3)

We want to use Fact 4.7 (with the a;’s being the terms deg;, (a,b), ({z,y},{a,b}) €
IC%(PQ)). To that end, we need the following preparations. From (44), we infer

S degd, (,h) < (2+o(1) |53 5()]
k)P

so that, by the (a, d)s-minimality of H (and n sufficiently large), we have

2

1) [ a?\* n (2)( pl2
S degl (ab) am(l—l—%) < [<€> 5 ‘/CQ,Q(P ))(1+35),

Ky (P12)

where in the last inequality we used ¢ > 0 sufficiently small. On the other hand,

3 2 (45) 02
> deman) | =0l T |- L T dern )
K$)(P12) K (P23)

2
N IS VAANL O R V2R e LU S 8 (1
= [(1 c >n3<(2 c >O‘é5>] —0‘16516(1 c )
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(using € > 0 sufficiently small), so that

a2\* n | nt s\ @) [ 7a2\% n
it AN INRAIY ( RN VLR B - ) =
(z)e?]w(l c )— (e)e?
(Y n
- l 2

Now to conclude the proof of (Statement (2)—(a) of) Proposition 4.6, we set, as in Fact 4.7,

> degy, (a,b)> )lcg?%(P”)‘ (1-&)

K5 (P12)

KEP2)] (1 - 30).

O[2 277/
=3 s= PN o= (F) &

and set the a;’s to be the terms degy_ (a,b), ({z,y},{a,b}) € IC%(PU). Fact 4.7 applies to
say that for all but 2(35)1/3|IC§2 (P'?)| many terms, we have
2\ 2
degy (a.b) = (‘2) % (1 + 2(35)1/3) .

Since 2 - 3'/3 < 3, this proves Statement (2)—(a) of Proposition 4.6. O

5. PROOF OF COUNTING LEMMA

In this section, we prove the Counting Lemma, Theorem 2.7. Our proof proceeds formally
by induction on k£ > 3.

Base Case. The base case k = 3 holds trivially. Indeed, H'?3> = H has density a =

|H|/|IC§2) (P)| with respect to P = P2 U P23 U P'3. With constant ¢ < § sufficiently small
with respect to £~1, Fact 1.2 renders

3 3 3
2 n . 3 n n
KPP =5 (1) = [P 00| = 1H = als (1£7) = als (145100),
confirming the Counting Lemma for k£ = 3.

Induction Step. We assume Theorem 2.7 holds up through k£ — 1 > 3 and consider Theorem

2.7 for k > 4. With appropriately defined constants (which we comment on momentarily),
we consider H = U1§h<i<j§k: HMi and P = U1§i<j§k P"Y as in Setup 2.6 on k-partition V =

Viu...UV, [Vi| = ... =|Vi| = n, where each H"J 1 < h <i < j <k, is (o, §)-minimal with
respect to PP U PY U PM and each PY,1<1i < j <k, is ({71, ¢)-regular. We prove

(s)
(54) ‘IC,(f) (H)‘ = (;(:’) nk (1 + 5ﬁ) .

2

We now discuss the constants k, «, dg, 0, £, £,n required to enable (54).

With k fixed (by Induction), the Counting Lemma is quantified as
Va, 48 : V0 < dg, VI, de :  with n sufficiently large. ..
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This quantification is consistent with the following hierarchy:

1 1 1
(55) —a>d>0>mins o, —p>e> —.
k 12 n

Rather than presenting a tedious determination of the constants «, &g, d, ¢, e, n, we shall, in all
calculations below, appeal to the hierarchy in (55).

To establish (54), we find it convenient to reformulate the Counting Lemma in terms of a
slightly different language given by auxiliary bipartite graphs A C II, which we now define.

Construction 5.1 (defining A C II). With k-partition Vi U...U Vi of H = U <peic i<k HI

and P = U1§i<j§k P given as in Setup 2.6, define auxiliary bipartite graphs A C II with
bipartition X UY as follows:

X=Vi and ¥ =K (PVa,... . i) =K, (U PY)

1<i<j<k
where elements of Y, each denoted by K~, correspond to the vertex sets of graph
(]Z — 1)-cliques K]?_)l in the (k — 1)-partite graph P[Va,..., Vi] = Ui P%. Note
that
k—1
56 X|=n and [v]™E2 __(14ew7).
k—1
E( 2 )

e Forxe X and K~ €Y,
{2, K }ell & {z}UK™ eLP(P) —= K~ ek? (P,) — K~ C Np(x)
where P, = P [Np(z)] = P[Npi2(z), ..., Npix(x)] is the subgraph of P induced on the

neighborhood Np(x) = Npi2(x)U---U Npix(x) of z.
e Forre X and K~ €Y,

P
{2, KV e «— K ek? (L) < < 5 > CL,

where Ly = {{y,2} € Py : {z,y,2} € H} C P, is the link graph of x (cf. (36)).

Note that since each = € V; has L, C P,, it follows that A C II. We also note the following
useful but standard fact concerning graph II.

Fact 5.2. With ¢ given in (55), the graph 1 is (€'=F &1/3)-reqular.

We omit the standard proof of Fact 5.2.

We now make a few straightforward observations establishing connections between graphs A
and II and the Counting Lemma, Theorem 2.7. For the purpose of stating these observations,
set

def 3 3 ..
Y KD (HVa, . W) = /c,gjl( U H’"J)
1<h<i<j<k

and note that elements of Y3, correspond to vertex sets of hypergraph (k — 1)-cliques K ,53_)1 in

the (k — 1)-partite 3-graph H[Va, ..., Vi] = Ui cpeicj<k "3, We observe the following:

Observations.
(1) Since H C IC:?) (P) (cf. Setup 2.6), Yyy CY is a subset of the vertices Y.
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(2) By our Induction Hypothesis on the Counting Lemma (for k — 1),
3 3 i
Vil = [, (e, Vi) = 62, (U )

1<h<i<j<k

(57) = ki)n’” (1 + 67120&—10 59,59 (5] (1 + 25%) .

(58) ‘IC,E?) (H)’ = Z degy (K7) .

K7€YH

We see from (57) and (58) that, to prove the Counting Lemma, it suffices to analyze the
terms in the sum (58). Proposition 5.3 does precisely this.

1
Proposition 5.3 (key to Counting Lemma). All but 30 11+=1|Y| vertices K~ € Y satisfy

k-1 k—1

We defer the proof of Proposition 5.3 to Section 5.2. We proceed now with the confirmation
that the Counting Lemma follows from Proposition 5.3.

1

(*3)
(59) degy (K_) = agki—l‘)q <1 + 35111(k_1)> _

5.1. Proposition 5.3 — Counting Lemma. Combining Proposition 5.3 with (57) and
(58), the proof of the Counting Lemma is virtually immediate. Indeed, Proposition 5.3 and
(57) imply ‘almost all’ (cf. § < « in (55)) of the (57) many terms in (58) have degree in (59).
As such,

G N Crey a(5)
(60) )ngHm:: S degy (K7) ~ T A”U7ﬁ_h:237nk
K—eYy 2 2

where ~ denotes an ‘essential’ equality we make precise by accounting for the degrees of vertices
K~ € Y} not satisfying (59).

To make (60) precise, we will use (59) for all K~ € Y3 satisfying it, and for the remaining
ones, we employ the natural upper bound deg, (K ™) < degp(K ™) (recall A C II). As such,
Fact 5.2 implies

all but 2e'/3|Y| vertices K~ € Y satisfy

4, 1 13 (55)
(61) degp (K7) = T te |X| < 2

n
gk—1°

Now, set

(62) Ya={K €Y : K satisfies (59)} and Yy={K €Y : K~ satisfies (61)}
so that

nk—l

o(3h)

Prop. 5.3 1 (56) 1
(63) Y \YA| <YV \YA| < 301GD)Y| < 661D

n

(51

(61) (56)
(64) Yo\ Yil < Y\ Yol < 25"3Y] € 4/
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We now make (60) precise. Observe
(65)
P rol= 3 dega(K)+ Y dema (K)o Y dega(K).

K—eYANYy K_E(YH\YA)HYH K- GYH\(YAUYH)

To obtain the formula for |IC,(€3) (H)| promised in (54), we need to bound (65) from above and
below. We do so now. -

To see the lower bound, we use that every K~ € YANYy satisfies deg, (K ) > (a( 2 )/€k_1)n(1—
306111(k=1)) (cf. (59)) to obtain (from (65))

) 1 ("3 1
(6% (6
‘IC,(f’) (H)) 2T (1 - 35““*”) YanYul=—=n (1 - 35““*”) (V3| = [¥Y2 \ Yal)
67, 63) o) o s | 69) o) 1
> nf (1 = 36TL¢+—D 1 — §20%k-1) — G—0u > nk 1 — §d120% ) .
) ( ) 5D | T ) ( )

To see the upper bound, we argue similarly, this time showing that the terms of (65) outside
of 3 k—cy,ny,, d€ga (K ) contribute to only little error. Indeed,

kP rol< > desa(KT)+ Y degn (K) +n|Yu \ (Va U Y |
K_EYAHYH K_G(YH\YA)QYH

(59), (61) o("3")

< C i (1436 ) v 0 Y|+ 250 | (Vi \ Yo ) 0 Y| [\ (v u )|

k—1
ol"2) .
— n(1+35m<k o ) |YH|+2€,€ Y\ Yal + 7 [V \ il

(57), (63), (64) o(5)
< k
[(2)

k
nk (1 + 30 111&,1)) (1 + 5120(%4)) 4 65111(k D 4 861/3 :L -
6(2) E( 2 )

a 5 A 54111&—1)' cl/3pk—1 (5<5) a(’:)f)
n
o(5) a(5) al5) 0(5)

This completes the proof of the induction step for the Counting Lemma.

— (1 436 111(271)) <1 + 5120(}%1)) +6 nk (1 + 5@) .

5.2. Proof of Proposition 5.3. It remains to prove Proposition 5.3. We do so by proving the
following stronger version of Proposition 5.3.

Proposition 5.3".
o All but §'/36|X| = 6Y/36n vertices = € X = V) satisfy

(66) deg, (z) = (?)(kQI) (%)H (1 1536@71)) (59 O‘E(k;) Y| (1 + 2570 )

In particular,

a(2")
(67) Z degy (K ( = |X|> Y| <1 _537(k 1))

K-ey
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o all but §'/36| X |2 = §Y/36n2 pairs x,y € X =V satisfy

2\ (21 ket 1 29\ 1
(68)  degy (z,y) = (i) (%) (1 1536““‘”) i (%) Y| (1125%).

In particular,

30\ L
(69) Z degA(K*)2 < <£]€_1]X> ‘Y‘ (1 + 3537(k—1)> )

K—eY

It is easy to prove Proposition 5.3 from (67) and (69) of Proposition 5.3*. We do so using the
approximate Cauchy-Schwarz inequality, Fact 4.7. Indeed, in Fact 4.7, set a = (a(kgl) /D)X,
r=|Y| and v = 3651, The terms a;, 1 <i <r, correspond to terms deg, (K~), K~ €Y.
Fact 4.7 then gives that all but 2(35m)1/3|Y| < 35m|Y| terms deg,(K™), K~ €Y,
satisfy

al"2) al"2") ,

1 1/3
degp(K™) = —|X| (1 +92 (3537(k—1)) > = —|X| (1 + 36111(k—1))

2
gk—l gk—l

where we used that 2 - 31/3 < 3. This proves Proposition 5.3*.

To prove Proposition 5.3*, we must show 4 things: the assertions of (66) and (68) and the
implications (66) —> (67) and (68) = (69). The assertions of (66) and (68) follow from
Lemma 5.4 given at the beginning of this section, but the work requires some effort to prepare.
The implications are, on the other hand, easy, and so we proceed with those first. We shall
then immediately return to the task of proving the assertions of (66) and (68).

5.2.1. Proof that (66) —> (67). Observe

> dega(K7) =) degy(x).

K—€eY zeX
Now, denote by Xgo04 the set of vertices z € X for which (66) holds. Then,

©66) o("2")
Y degpa(K7) =) degp(a) > Y degplz) = agk—jlm (1—2536@71)) | Xgood|
K—eY zeX € Xgo0d
©) o2 a1 55 [ o(*2") L
201 (- (- 09 1 2 (250 )1 1 - ).

as promised in (67).

5.2.2. Proof that (68) => (69). Recall that we are supposed to bound Y -~y degp (K ™)2.
To this end, we first observe that

@ X demen= 3 () D (Gow) T a2

where o(1) — 0 as n — oo. It therefore suffices to work with the sum Z{x wye(¥) degp(x,y).
’ 2



28 P.E. HAXELL, B. NAGLE, AND V. RODL

Denote by (g)good the set of pairs {z,y} € ()2() for which (68) holds. For pairs {z,y} €

()2() \ ();)good, we observe degy(z,y) < degp(z,y) (since A C II) where we recall from Fact
5.2 that IT is (£1~* /3)-regular. As such (and similarly to (61)), we have that all but 4¢'/3n?

pairs {z,y} € ()2() satisfy
(55) 2
() desn(e) = (s iel/s) v1'< sl

Denote by (X)fai the set of pairs {z,y} € ( ) for which (71) holds.
Returning to (70), we then see the sum Z{x we(X) degy (z,y) equals

> degp(z,y) + > degy (z,y) + > degy (z,y)
{z03€(3) yooa {293 €(2) 1\ (2) gooa e} N (3 V() gooa)
< Z degy (z,y) + Z degp(7,y) <)2(> \ (?)f '

{I’y}e(g)good {$,y}e( )falr\(;()good

_ 2
©8), (1)) [ o(*2") N |/x X\, (X
< - 36(k—1)
— (fkl |Y| <1+26 ) <2>good + < >\<2>good
(68) a(k§1) ? 1 n 1/36 n? 1/3 2
< |\ =] IVl (HQ‘S%(M) o) T2 e Y1+ sl

k—1 2 k—1 2
al’2) 2 (1 §1/36 2=\ (55) (o3 1 ,
— /3 - ar =7 1 —
< ( s ) Y |n (2 536(k D4+ 2———— ( D + 4e a2(k y < = X[ | |Y] (2 4§ 1))’

so that, from (70), we have

("2 ? 1 (55) (*31 ? 1
— (07 [ (e 1
3 degy(K)? < <£k_1|X| Y1 (1420700 ) (140(1)) < (= lX] | ¥ (1430700 ),

K-eYy

V] + 4e'/3n?y |

gZ(k: 1)

as promised in (69).

5.3. Proofs of (66) and (68) - setting up the proofs. We claim that (66) and (68) are
direct applications of the following auxiliary graph counting lemma.

Lemma 5.4 (A ‘two graphs’ counting lemma). For all integers t and constants Ao > 0 there
exists 0p x, > 0 so that for all 0 < 0y, < dg 5, and p > 0 there exists €, > 0 so that the following
holds:

Let

e= |J eicp= Y P
1<i<j<t 1<i<j<t

be t-partite graphs with common t-partition Uy U ... U Uy, U] = my > mo(t, Ao, Ox, D, €p)s
satisfying that for all 1 <i# j <t,

i i def
(1) 1£9]/1%B9] = Nij = Xo,

(2) all but 5y,m? pairs uy,us € U; satisfy
(72) deggis (u1,u2) = (Aigp)* my (1 £6y,)
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(3) the graph BV is (p,ep)-regular.
Then,
t
2 t o
1<i<j<t i=1

We prove Lemma 5.4 in Section 6.
We now connect (66) and (68) with Lemma 5.4. Indeed, for arbitrary vertices z,y € X = V1,
observe from Construction 5.1 that

(73) degy () = [, (La)| and  degy (2,) = [K2, (L)
where
(74) L, = {{u,v} e P: {z,u,v} € H} and Lyy =Ly N Ly

are the links L, and colinks L, of z and {x,y}, resp. (cf. (36) and (37)). In view of (73), we
may prove (66) and (68) by respectively applying Lemma 5.4 to graphs L, (i.e. £ = L;) and
Ly (ie. £ = Lgy), x,y € X =Vj, whenever it is appropriate to do so.

To further develop our plans for proving (66) and (68) by applying Lemma 5.4, we continue
with some notation (some of which is similar to that used in Section 4).

Notation 5.5. Let T be a fixed one or two-element subset of X. We set
(75) Uir = Npu(T) = (| Npu(z) and mip =|Uiz|, 1<i<k

xzeT
Set

Y = P¥ = PY[Npu(T), Npi;(T)], 1 <i<j <k,
and - -
®= U wi= U Pi=rr

1<i<j<k 1<i<j<k

Note that Pr is (k — 1)-partite with (K — 1)-partition Upyr U --- U Ug 7. Set

Sr=ILr=)L
zeT

where L., x € T, is given in (74). For 1 <i < j <k, set £§ﬂ = £7 N PY so that
gr= |J &
1<i<j<k
is (k — 1)-partite with (k — 1)-partition Uy p U --- U Uy 1. Note that £p C Pp. O

We now make further preparations by considering some constants. For T € ()1() U ()2() =
(P U (%), set

(76) )\ij—|£¥| l<i<j<k, A _ o Sy, = 45T, p= i o e
el IR AT e  PEp T e
T

Recall from the hierarchy in (55) that

1
o> § > min{¢1, 6} > e.
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As such, we are easily afforded the hierarchy
1 a’

(77) T =g > = 46Y7 > min{p = €71, 65, = 467} > ¢, = 40%¢.
As such, the quantification of constants in Lemma 5.4 implies that
(78)

constants k — 1, Ao, 6x,, P, €p (defined in (76)) are sufficient for an application of Lemma 5.4.

We conclude our preparations with the following fact.

Fact 5.6. Fort =1,2, all but (k‘—l)2t€(?) setsT € ()t() = (‘?) satisfy that ‘,Béﬂ is (p, ep)-reqular
foralll <i<j<k.

Indeed, we see from (39) and (41) that all but (k — 1)2'e(}) sets T' € ()t() = (Zl) satisfy that
forall 1 <<k,

1 t n
(79) m;T = ‘U@T‘ = <€ + 8) n = ﬁ

As a consequence (cf. (39), (41)) these same sets T € ()t() = (‘?), t = 1,2, satisfy that for
all 1 <i < j <k, PBdis (071, (20)')-regular, or in the language above, B is (p, ,)-regular,
l<i<j<k

We now prove (66) and (68), in reverse order.

(1+ lte) .

5.4. Proof of (68). We wish to apply Lemma 5.4 to the graphs £ = L,,, {z,y} € ()2() = (‘gl)
The following claims qualify the pairs for which this end is appropriate.

Claim 5.7. All but 36/3 (kgl) (3) pairs {z,y} € ()2() = (‘gl) satisfy

g 2 (55) (3
(80) X, (76) Isi;, _ 2 (11451/3) 2”@
Bay| 2
foralll <i<j<k.
Claim 5.8. All but 26'/%(k — 1)2(3) pairs {z,y} € ()2() = (‘g) satisfy the following property:
all but dy, (mi,{;’y}) pairs {a,b} € (Ui,{;,y}) satisfy

ij )2
(81) deggyy (a, b) = (/\x]yp) mjv{l,’y} (1 + (5)\0)
foralll <i# 5 <k.

Before verifying Claims 5.7 and 5.8, let us use them to prove (68).
Claims 5.7 and 5.8 confirm that the hypothesis of Lemma 5.4 is met by the graph £;, for

‘most’ choices of {z,y} € ()2() = (‘g) Indeed, Claim 5.7 confirms that Property (1) of Lemma
5.4 is met for all but 361/3 (kgl) (Z) pairs {z,y} € (‘gl) Claim 5.8 confirms that Property (2)
of Lemma 5.4 is met for all but an additional 2(k — 1)25/6 (5) pairs {z,y} € (‘gl) By Fact 5.6,

we see that all but 4(k — 1)5(3) pairs {z,y} € (‘g) satisfy Property (3) of Lemma 5.4. Finally,
(78) confirms that our set of constants is sufficient for an application of Lemma 5.4. As such,
for all but

_ (55)
351/3 (k ) 1) <Z> +26%/6 () — 1)2 (;‘) + 4k —1)e <Z> < 95622 < 582
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pairs {x,y} € ()2() = (‘gl), the graphs £,y = Ly and P,y = P,y satisfy the hypothesis of
Lemma 5.4 with appropriate constants. Fixing one such pair {z,y} € ()2() = (‘gl), Lemma 5.4

yields

(73) ii k=1 O]
degp(z,y) = ”CIE:%)l(Lny)) = "Ci(i)l(gfﬂy)‘ - H Ay p( 2) H Mi,zy <1 idiék !
1<i<j<k 1<i<k

N——

(75), (76), (79), (80) {az (1 i451/3>}(k51) 1 {% a i2€€>r‘1 [1 n (451/7>5<k1—1>]

(*2") _ .
(82) — (f) (%)k ' (1 + 5m) :

as promised in (68).
It now remains to prove Claims 5.7 and 5.8. Claims 5.7 and 5.8 are ensured by Proposi-
tions 4.5 and 4.6, resp., from Section 4. We emphasize the following remark for future reference.

Remark 5.9. Claims 5.7 and 5.8 are guaranteed by applying Statement (2) of Proposition 4.5
and Statement (2)—(a) of Proposition 4.6, resp. O

In the immediate sequel, we easily (and simultaneously) check that these lemmas may be
applied in our current context. Afterwards, we confirm that Propositions 4.5 and 4.6 indeed
yield Claims 5.7 and 5.8.

5.4.1. Applying Propositions 4.5 and 4.6. Fix 1 < i < j < k. We check that Statement (2) of
Proposition 4.5 and Statement (2)—(a) of Proposition 4.6 (see Section 4) may be applied to H!%
and P U P U P%. Note that our hypothesis in Theorem 2.7, the Counting Lemma, includes
that H'Y and PY U PY U PY satisfy the assumptions in Setup 2.1 with constants o, ¢ and
e, as required by Statement (2) of Proposition 4.5 and Statement (2)-(a) of Proposition 4.6.
Moreover, our hypothesis in Theorem 2.7 includes that H'¥ is (o, §)-minimal w.r.t. PY¥UPYU
PY ., or in the language of Section 4, H'¥ is («,d)o-minimal with respect to P U PY U P¥,
as required by Statement (2) of Proposition 4.5 and Statement (2)—(a) of Proposition 4.6. Our
hypothesis in Theorem 2.7 also includes that our constants «, J, £, ¢ and n satisfy the hierarchy
in (55), and as such, satisfy the quantifications of Propositions 4.5 and 4.6. We conclude that
Statement (2) of Proposition 4.5 and Statement (2)—(a) of Proposition 4.6 may be applied to
HY and PYuU PY U PY,

5.4.2. Proof of Claim 5.7. We simply apply Statement (2) of Proposition 4.5 for fixed 1 < ¢ <
j < k. This statement guarantees that all but 36'/3 (3) pairs {z,y} € ()2() = (‘g) satisfy

xg, @ |';§;’ - 'Uﬁy — a2 (12 455).
Y Ty

Thus, all but 3§/3 (kgl) (g) pairs satisfy the above inequalities for all 1 < i < j < k.
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5.4.3. Proof of Claim 5.8. We shall use Statement (2)—(a) of Proposition 4.6 in the context of
a proof by contradiction.
Assume, on the contrary, there exist 26Y/6(k — 1)2(7) pairs {z,y} € ()2{) = (‘gl) for which

there exist 1 < i # j < k for which some 8y, ("™"§**}) pairs {a,b} € (Ui,{2z,y}) satisfying
(83) degggy(a, b) # ()\?yp)Qmjy{%y}(l +dy,)-

As such, for some fixed pair of indices 1 < i < j < k, there must exist 261/ (Z) pairs {z,y} € ()2()
(the set of which we denote by X (7, j)) for which there exist at least Jy, (mz{;y}) pairs {a,b} €

(Ui*{;’y}) (the set of which we denote by U(i,x,y)) satisfying
(34) deggy (0,) 7 (\p)m; oy (1 £ 03,)

We show that the existence of the set X (7, j), as described above, contradicts Statement (2)—(a)
of Proposition 4.6.

Our first step is to refine the set X (7, j) down to suitable pairs. Denote by X'(i,5) C X (4, j)
the set of those pairs {z,y} for which

g 1 2
(85) N = o?(1+45'3) and My {2y M {2y} = (E + E) n.
We claim
(86) X7, 5)] = 6/° @

Indeed, by Claim 5.7, we lose 351/3 (kgl) (g) pairs from X (i, 7) on account of the left condition
of (85) failing. By the (£~!,¢)-regularity of graphs P! and PY, we lose another 8¢ (g) pairs
from X (i,7) on account of the right condition of (85) failing. This shows

)z xeai=a(, ) () -se(y) = o (%, 1) ()

where the last inequality holds with e < ¢ (cf. (55)). On account of our assumption that | X (¢, j)| >
251/6 (5), we see that (86) holds with § > 0 sufficiently small (cf. (55)).
We claim the set

Ca(1,9) = {({z,y},{a,b}) : {z,9} € X'(5,5), {a,b} € Ui, z,y)} € KEY(P)

is in contradiction with Statement (2)—(a) of Proposition 4.6. (Note that every element ({z,y}, {a,b}) €
C4(1,17) corresponds to a copy of Cy, with vertices z,y, a, b and edges {z,a}, {a,y}, {y, b}, {b, z},
where x,y € V} and a,b € V;.) In particular, we claim that

(87) Ca(1, )] > 38"/ |G (PY)

and that for each ({z,y},{a,b}) € Cy4(1,1),

a®\* n 1
y /3
(88) degL;]y(a,b) # ( 7 > ” (1 + 30 ) .

Then (87) and (88) are in violation with Statement (2)—(a) of Proposition 4.6. As such, es-
tablishing (87) and (88) shows that our assumption in (83) is incorrect, and therefore, proves
Claim 5.8.
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To see (87), note that, account of (84)-(86), we have

L 2)2p)\ (55),(76) 4 (43),(55 .
9 lealti) = 08 ) s (0 77) TR g 2 N g iy

2 204
We now verify (88). Fix ({z,y}, {a,b}) € Cu(1,47). Since
degL?y (a, b) = deggg'cjy (CL, b) 75 ()\;jypymj’{z,y}(l + 5>\0),
we have either
degL;J%! (av b) < ()‘g;p)gmj,{x,y}(l - 5)\0) or degL;jy (a7 b) > ()‘;’];yp)zmj,{:c,y}(l + 5/\())'

Without loss of generality, we assume the former inequality holds and will prove that the former
inequality implies

a2\%n
1/3

This will complete our proof of (88).
Indeed, by (85), where A\, = a?(1 £ 46'/3), and since in (76), where we set Iy = 4617
and p = 1/¢, we have

2 2 2
g 1
deg iy (a,b) < (AZyP)* 1 gy (1 = 8r,) < (02 (1 + 451/3)) (£ - 8) n <1 - 451/7)

a2\’ n 1
_ 351/3
< < 1 > 02 (1 30 ) ’
where we used 0 < ¢ < £71,§ and & > 0 sufficiently small, as given in (55). This proves (90).

5.5. Proof of (66). The proof of (66) is nearly identical to what we did above in Section 5.4,
save one detail: we argue that all steps above can be done for a ‘typical’ verter x € X =V

rather than for a ‘typical’ pair {z,y} € ()2() = (‘gl) More formally, we assert the following
claims.

Claim 5.10. All but 36'/3 (kgl)n vertices x € X = V1 satisfy

g iJ (55) (3
(91) zii @ Isfjl . (1 " 451/3) et @,
Bz | 2

foralll <i<j<k.
Claim 5.11. All but 2(k — 1)251/671 many vertices x € X =V satisfy the following property:
all but 8y, (") pairs {a,b} € U satisfy
ij,\2
(92) deg i (a,b) = (\fp)" mja (1 £0),)
foralll <i+#j<k.

Precisely as we did in Section 5.4, Claims 5.10 and 5.11, Fact 5.6 and the hierarchy in (77)

say that for all but

_ (55)
361/3 (k 5 1>n +2(k —1)26Y%n 4 2(k — 1)en < 76Y/%k2n? <" §'/%n
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vertices x € X = Vi, the graphs £, = L, and B, = P, satisfy the hypothesis of Lemma
5.4 with appropriate constants. Fixing one such vertex x € X = Vj, Lemma 5.4 yields (with
t=k—1)

_ _ 1
dega o) @ Jewa| =ehea] = | TT ) o5 TT maw | (120577)
1<i<j<k 1<i<k
(75), (76), (79), (91) 1) 1 k-1 17\ ST
_ [a <1i45 )} T [Z (1i€5)} 14+ (45 )

(98) — () (1) (12 swim),

as promised in (66).

As before, Claims 5.10 and 5.11 follow from Propositions 4.5 and 4.6, resp., from Section 4.
We stress, importantly, that

we now seek to apply Statement (1) of Proposition 4.5 and Statement (1)-(a)
of Proposition 4.6

(recall Remark 5.9). As such, verifying that we may apply these statements of Propositions 4.5
and 4.6 requires the additional attention of one small detail which we now consider. Fix
1 <i < j <k We wish to repeat the same verification we did in Section 5.4.1. For this, we
need that H'¥ is (a,d);-minimal w.r.t. P U PY U PY a condition not initially assumed in
the hypothesis of Theorem 2.7, but which follows by an application of Proposition 4.4.

6. PROOF OF LEMMA 5.4

In this section, we prove Lemma 5.4. For simplicity, we prove Lemma 5.4 in the special case
that A = Ao = A\, 1 <1< j<tand m; =mforall 1 <¢ <t Note that we also applied
Lemma 5.4 in essentially the same special case (cf. (79) and Claims 5.7 and 5.10).

Our proof follows by induction on ¢t where the base case t = 2 is trivial. We assume Lemma
5.4 holds up through ¢ — 1 > 2 and consider Lemma 5.4 for ¢ > 3. We do not wish to begin
our fairly simple argument with a tedious determination of constants. As such, with integer ¢
given above, let constants A, dp x, 0x, , €p and m be given satisfying the hierarchy

1 1
(94) ;,)\>>507)\ > 0y Zmin{é)\,p}>>5p > E

which we note is consistent with the quantification of Lemma 5.4. With constants ¢, A = A\g =
Aij, 1 <1< 5 <t, 0y, p, €p and m, let graphs

e= U iep= U ¥
1<i<j<t 1<i<j<t

on t-partition
UiU...UU, ]U1|:...:]U1\:m
be given as in the hypothesis of Lemma 5.4. We show

(95) K2 ()] = () @t <1 + 6% ) ,

as promised by Lemma 5.4.
To prove Lemma 5.4, we first define auxiliary bipartite graphs . C P. As we see momentarily,
these graphs formulate Lemma 5.4 in slightly different language.
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Construction 6.1. With t-partition Uy U --- U U, of graphs £ = U1<i<j<t £ and P =
Ulgi <j<t P, define auxiliary bipartite graphs . C P with bipartition AU B as follows:

A=U; and B:IC,g)l(q3[U2,---aUtD:’Ct(z)1< U ‘,Bij>

1<i<j<t
where elements of B, each denoted by K~, correspond to vertex sets of (t — 1)-cliques
Kt(z)l in the (t — 1)-partite graph ‘B[Ug, cee Ut} = U1<i<j<t B%. Note that

- 1
(96) |Al=m and |B| Fact 12 p(t2l)mt_1 (1 :l:s[,l) .
e Forae€ Aand K~ € B,

{0, K"} €P < {a}UK € KP(P) & K~ C Npla) — K ek (‘B[ng(CL)])

where B[Ny (a)] is the subgraph of B induced on the B-neighborhood Neg(a) = Nggi2(a)U
-+ U Ngui(a) of a.
e Forae€ Aand K~ € B,

{a, K"} €L < K~ C Ng(a) « K~ e k?, (‘B[Ng(d)])

where B[ Ng(a)] is the subgraph of 3 induced on the £-neighborhood Ne(a) = Ngi2(a)U
-+-U Ngit(a) of a.

Note that £ C ¥ implies . C P. The following fact is identical to Fact 5.2.
Fact 6.2. With ¢, given in (94), the graph P is (ptfl,ell;/:i)—regular.

We now make a few easy observations establishing connections between the graphs L and P
and Lemma 5.4. For the purpose of stating these observations, set

Be ¥ k) (2 |:U2, o Ut]) e ( 1<z’L<Jj§t 2])

and note that elements of Bg correspond to (¢t — 1)-cliques Kt(z)l in the (¢ — 1)-partite graph
2[Ua, - U] = Urcicjer £9.

Observations.

e Since £ CPB, Be C B.
e By our Induction Hypothesis on Lemma 5.4 (for t — 1),

= e (efe ) = U2

1<i<y<t
1 _ 1
(97) = )2 mt ! (1 + 5§“‘”> G000 (3B (1 + 25;"“‘”) |
[}
(98) K (@) = > deg (K7).

K~—€Bg
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We see from (97) and (98) that, to prove Lemma 5.4, it suffices to analyze the terms in the
sum (98). Proposition 6.3 does precisely this (and is similar to Proposition 5.3 of the preceding
section).

Proposition 6.3. All but 26i/12|B| = 26i/12‘K§3)1(U1<i<j§t “BUN many vertices K~ € B =

ICEE)1 ( U1<i<j§t ‘13”> satisfy

(99) degy, (K7) = Ow)' 4] (1£26)%) = )" m (14 26))

We defer the proof of Proposition 6.3 to Section 6.2 and proceed now with the easy confirmation
that Lemma 5.4 follows from Proposition 6.3.

6.1. Proposition 6.3 — Lemma 5.4. Our proof that follows is quite similar to we saw
when using Proposition 5.3 to prove Theorem 2.7.
We employ degp (K~) < degp(K ™) for all K~ € Bg not satisfying (99). As such, we note

from Fact 6.2 that all but 2511)/ 3\B[ vertices K~ € B satisfy

(94)
(100) degp (K7) = p' A (1 + E;/S) < 2 'm.
Now, set
By, ={K™ € B: K~ satisfies (99)} and Bp={K € B: K satisfies (100)}.
Proposition 6.3 and (100) then imply
(101)
(96) _ _
IBe\Be| < |B\B| <26/ B| < 45/ p("2)mi~1 B\ Bp| < 213 B| < 4el/3p("2 Imi 1,
Now the proof of Lemma 5.4 is immediate. Returning to (98), we see

P (2)] = Y degy (K7)

K~—€Bg

(102) = Z degy, (K7) + Z degy, (K7) + Z degy, (K7).

K*E(Bp_ﬂB]L) Kfe(B]p\BL)ﬂBQ Kie(Bg\(B]LUB]p))

To obtain the formula for \IC,EQ)(SN promised in (95), we need to bound (102) from above and
below. For the lower bound, we employ (99) in (102) to obtain

K2 ()] = Ow)' (1= 20)") |Ben Bul = w)! ' (1= 20"%) (1Bel = |Be\ Bu).
By (97) and (101), we then see

. s1/12 n
K (©) = () O (1-201/2) (1 =T 4 ) 2 on) (1 - 5&”) ,
2

which holds with ¢ > 3 and 0 < &, < A, ¢! sufficiently small in (94).
For the upper bound, we employ (99) and (100) in (102) to see

K2 ()] < )t (14 20/"2) [Be 1 B + 20 m] (Bp \ Bu) N Bel +m|Be \ (Bu U Bp) |

< () lm (1 + 251/12) |Bg| + 2p''m|Bg \ BL| + m|Bg \ Bpl.
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Using (97) and (101), we obtain

_1 _
e ] < O O (1261%) (140777 ) 85} 2y + el 2D

= )&

1 851/12 1/3 (94) . 1
2

which holds with ¢ > 3 and the hierarchy in (94). This completes the proof of the induction
step for Lemma 5.4.

6.2. Proof of Proposition 6.3. All that remains is to prove Proposition 6.3. We do so by
proving the following slightly stronger version of Proposition 6.3 (which is similar to how we
handled Proposition 5.3 through Proposition 5.3%).

Proposition 6.3".
o All but 4(5}\/3171 vertices u € A = U; satisfy

(103)  degy (u) = p('2") (pm)t (1i(4t)251/3)(4)’:( % Op) 1B (112(4@251/3)

In particular,

(104) > degr(K7) > (Ow) 114l 18I (1-8").
K—€eB
o All but 5xm? pairs u,v € A = Uy satisfy
t—1
(105)  degg(wv) =p(2) (Op)m) (12 2262) T ()20 Bl (14 26%,)

In particular,

(106) Y degy (K)2 < ()14 18] (1 +3052) € (04?81 (14 0Y).
K-eB

It is easy to prove Proposition 6.3 from Proposition 6.3*. Indeed, using the approximate
Cauchy-Schwarz inequality (that is, Fact 4.7), Proposition 6.3 is an immediately corollary
of (104) and (106). (To see this, in Fact 4.7 set a = (Ap)!~!|A|, » = |B| and v = (5}\/4 and let
terms a;, 1 <14 < r, correspond to terms degy (K~), K~ € B). It therefore remains to prove
Proposition 6.3*.

To prove Proposition 6.3*, we must show 4 things: the assertions of (103) and (105) and the
implications (103) = (104) and (105) == (106). We proceed to first prove the implications
and then shall prove the assertions.

6.2.1. Proof that (103) = (104). Observe that

> degr(K7) = degy(u)

K-€B u€A
Now, denote by Agqoq the set of vertices u € A = U for which (103) holds. We then have

3 deg(K) = Y deg ()= Y degl) = ()18 (1 2040%0) |Ayona

K—€B u€EA UE€Agood
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Prop. 6.3*

Oy~ 181 (1 - 20176)) (1 40y) 141'% (0w 141) 181 (1 - 51,

as promised in (104).

6.2.2. Proof that (105) = (106). Recall that we are supposed to bound Y~ -~ degy (K )?
from above. First we observe that

(107) > demn= ¥ ()Y (Go) ¥ a2

{uv}e(y) K-eB K—€B

where o(1) — 0 as m — oo. It therefore suffices to consider the sum Z{u vye(d) degy (u,v).
’ 2

Denote by (’;‘)good the set of all pairs {u,v} € (g) for which (105) holds. For pairs {u,v} &

(’g)goo 4> We observe degy (u,v) < degp(u,v) (since . C P) where we recall from Fact 6.2 that

P is (pt_l,&?zl/ 3)—regular. As such (and similarly to (100)), we have that all but 4511)/ *m?2 pairs
{u,v} € (‘3) satisfy

N\ 2 (94)
(108) degp(u,v) = (p~" +e/*) 1B < 27V|BI.

Denote by (‘;‘) i, he set of all pairs {u, v} € (’3) for which (108) holds.

Returning to (107), we see the sum Z{u sye(d) degy (u,v) equals
’ 2

Y degy(uv)+ > degy, (u, v) + > degy, (u, v)
{U,U}G(g)good {u’v}e(g)fair\(g)gDOd {u’v}e(g)\<(g>fairu(g)good>

< Z degy,(u,v) + Z degp(u, v) +|B| ’<§> \ <§> fair

{u’v}e(é)good {u’v}e(g)fair\(é)good
) (2)\(2)
2 good 2 2 good
Prop.6.3*

< ()\p)2(t_1)|B| (1 + 2t2(5>\) (gz) + 26>\p2(t_1)|B|m2 + 46;,/3m2|B\

Prop. 6.3%, (108)

< ()2 V| B] (1 + 2t26)) +2p?t=Y| B +4e)/*m?|B|

< 20D B2 1 25 Y 4 611)/3 (94) ol ANZ B 1 512

so that, with (107), we have
_ _ (94) _
> degy (K7)2 < ((n)HAN 1B (1+20)%) (L4 0(1)) < () ~1141)° 1] (1+36)%).
K—-eB

as promised in (106).
It remains to prove (103) and (105). We begin with the latter.
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6.2.3. Proof of (105). For an arbitrary pair of vertices u,v € A = Uy, observe
(109)  degy (w,v) = [ (BNe(w, )] )| = K2 (U B9 NVew(ws0), Nows (w,0)] ) |

1<i<j<t

follows by our construction of graph L. Estimating |IC1@1 (B[Ne(u,v)])| is, however, a mere
application of Fact 1.2.

Indeed, the hypothesis of Lemma 5.4 gives that all but dym? pairs u,v € U; = A satisfy
deggii(u,v) = (Ap)?m(1+£6,), 1 < i < t. Fix one such pair u,v € U; = A. We claim u, v satisfy
the conclusion of Proposition 6.3*. Indeed, fix 1 < < 7 <t and observe

94) 1 94
(110) min {dega1i (u,v), degai;(u,v)} > (Ap)?m(1l —8y) > 5()\]))2771 (>>) E;/Qm.

Using (110), the (p,e,)-regularity of ¥ implies that the graph P [Ngui(u,v), Ngi; (u,v)] is
(p, 5},/2)—regular (see Fact 1.5, the Slicing Lemma, from [29]). As such, we apply Fact 1.2 to

conclude
2, (3 ¥ ) | =5 [P 1:600) ™ (126577 ) 5050 (O] (1226

which renders the result.

6.2.4. Proof of (103). We will follow essentially the same procedure as described above, but
for single vertices u € A = Uy rather than pairs u,v € A = U;. Note however, in this case,
Lemma 5.4 admits no hypothesis on deggii(u) for single vertices u € A = U;. For this reason,
we require the following fact.

Fact 6.4. With £ and B given in Lemma 5.4, all but 4(5}\/3171 vertices u € Uy satisfy that for
each 1 <1 <t,

deg o (u) = Apm (1 + 45 3) .
Note that Fact 6.4 gives the analogue of Condition (2) of Lemma 5.4 for single vertices u € Uy,
1 < < t. The proof of Fact 6.4 follows from Conditions (1) and (2) of Lemma 5.4 by a standard
Cauchy-Schwarz argument. We omit the standard details. We now use Fact 6.4 to finish the

proof of Proposition 6.3*.
Similarly to (109), for a fixed vertex u € A = Uy, we have

2 2 i
degy (u) = |2, (BINe()] )| = [KZ (U B9 Ner(w), New ()] ) |
1<i<j<t
Fact 6.4 ensures all but 451/3771 vertices u € U; satisfy that for all 1 <i < j <t,

) (94)

(94) 1 4
min {deg g1 (u), deggij(u)} > Apm (1 - 45/1\/3> > EApm > 611,/2m.

Fix one such vertex u € Uj. Similarly to (110), the (p,e,)-regularity of PV, 1 < i < j < ¢,
implies that the graph P [Ngui (u)Neis (u)] is (p, 511/2)—regular. As such, we apply Fact 1.2 to
conclude

e (o )| =) o (122 45°)] " (1577 ) 0 0y (16 a5)

which renders the result.
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7. PROOF OF STATEMENT (2) OF PROPOSITION 3.2

In Section 2.4, we asserted that Statement (2) of Proposition 3.2 follows from Lemma 5.8
(cf. Algorithm A) of [11]. (Proposition 3.2 and Lemma 5.8 of [11] are very similar statements,
with almost the same quantification.) In this section, we show that the earlier Lemma 5.8
implies Proposition 3.2. We begin by presenting Lemma 5.8 from [11], as well as upcoming
Fact 7.3 that we shall also employ in our proof.

7.1. Background material. To state Lemma 5.8 of [11], we need the following concept.

Definition 7.1 ((v, d, R)-regular). Let bipartite graph F have bipartition UUW . For given con-
stants «y,d > 0 and for given integer R, we say that F is (v, d, R)-regular if for all Uy, ..., Ur C U
and all Wq,...,Wgr C W for which

R
U @ x wy)| > s|u|jw),
i=1
we have
R R
FolJUixwi)|=~1+6) || Ui x Wil
i=1 =1

(Here, for a fixed 1 < i < R, we define U; x W; to be {{u;,w;} : w; € U;, w; € W;}. )

Lemma 5.8 of [11] is then stated? as follows. (In what follows, we use primes for some of our
constants to distinguish them from their corresponding constants in Proposition 3.2.)

Lemma 7.2. For all o, 85 > 0 there exists 6’y > 0 such that for all integers £ and r'y, there
exist €' > 0 and integer 'y so that whenever H and P satisfy the hypothesis of Setup 2.1 with
constants «, £ and & and with n sufficiently large, the following holds:
Suppose there exist 0gn® pairs {z,y} € (‘gl) for which Ly, is not (a2, 8, 1'5)-reqular
and for which witnesses UY, ..., U C Npiz(z,y) and Wi¥,..., W3 C Nps(x,y) against
B B

T

the (a2 /4,8, ') -reqularity of Ly, are given. Then H is not (8'y,7"4)-regular w.r.t. P, and

there exists an algorithm Azo which, in time O(n®), converts the witnesses uy,.. U
B
and Wlmy,...,Wfé’, over the §gn? pairs {x,y} above, into a witness Qy = (Ql,...,Qr;‘)

of the (&'y,r'y)-irreqularity of H w.r.t. P.

To prove that Statement (2) of Proposition 3.2 follows from Lemma 7.2, we shall need the
following auxiliary fact. (This fact will allow us to build, in the context of Lemma 7.2, the

witnesses UyY, ..., U%Y and WY, ... , W7Y)
T'B TB

Fact 7.3. For all 3,09 > 0, there exists 61 > 0 so that for all d > 0, there exist integer R
and ¢ > 0 so that the following holds: let F C G be bipartite graphs with bipartition U U W,
where |U|, |W| are sufficiently large, and G is (d,)-reqular. If there exist 53|U|* pairs {u,u'} €
([2]) satisfying

degyr(u,u) # (BA2IW|(1 + 8),
then F is not (8d, 81, R)-regular, and there exists an algorithm Az 3 which, in time O(|U*|W])
constructs witnesses Uy, ...,Ugr CU and Wy,...,Wr CW of the (8d, d1, R)-irregularity of F.

2In [11], a slightly stronger statement is proven which includes an additional parameter 3. To derive Lemma 7.2
from the original Lemma 5.8 of [11], one sets 8 = §5/2 and then uses that we may take ¢ < §5/2. (For the
definition of V#°°? in Lemma 5.8 of [11], see Definition 4.4 (p. 303).)
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Fact 7.3 was proved, without any focus to the algorithmic assertion, as Fact 8.12, p. 395, of [35].
For completeness, we repeat the proof at the end of the paper and emphasize the algorithmic
aspects.

7.2. Proof of Proposition 3.2. We begin our proof by formally describing the constants
involved. The Reader not interested in the determination of these constants may skip ahead.

7.2.1. Constants. As in the quantification of Proposition 3.2, let o, dp > 0 be given. In Fact 7.3,
put 3 = o? and

(111) 5= 0B 0B
1000 — 4
Let
2
(112) 51 =6 (a2,6) < %B

be the constant guaranteed by Fact 7.3 (where we may assume, w.l.o.g., that d; < (5]23/2).
Putting 0% = 41, let

(113) 04 = 0 (7.9) (@, 0)

be the constant guaranteed by Lemma 7.2. For Proposition 3.2, we take the promised con-
stant 4 as

(114) 04 =0y = 0 (7.9 (. 0p).
Now, as in Proposition 3.2, let integer ¢ be given. In Fact 7.3, set d = 1/¢ and let
(115) ¢=CTa?,65,01,1/0) and R = RT3 (a2 6y,61,1/0)

be the constants guaranteed by Fact 7.3. In Lemma 7.2, set 75 = R and let
(116) 5lA,(7.2) = 5:4,(7.2)(0"5’ 0, 4,7p) 7":4,(7.2) = 7”;4,(7.2) (o, 03,04, £,7p)
be the constants guaranteed by Lemma 7.2. Let

£(16) — L(46) (o 5 0)
be the constant guaranteed by Proposition 4.6. For Proposition 3.2, we take
(117) r= 7“147(7'2) and ¢ = min{5:47(7.2), ¢2, e,
This concludes our definitions of the constants.

7.2.2. The algorithm. We now prove Statement (2) of Proposition 3.2. Let H and P =
P12y P2 U P13 be given as in Setup 2.1 with constants «,dp,64,¢,7,¢ described in (111)-
(117). Suppose H is (a,dp)-excessive w.r.t. P. We establish an algorithm Ass which, in
time O(n®), constructs a witness Q, = (Q1,...,Q,) of the (§4,r)-irregularity of H w.r.t. P.
In the immediate sequel, we list the steps of the algorithm Ago. Afterwards, we fill in all details.

Algorithm Aj»

Given. H and P, as in the hypothesis of Proposition 3.2, where H is («,dp)-excessive
w.r.t. P

Output. In time O(n®), a witness Q, = (Q1,...,Q,) of the (6a,7)-irreqularity of H
w.r.t. P.

Steps.
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(1) Statement (2)—(b) of Proposition 4.6 guarantees dan? pairs {x,y} € ( ') so that for each
such {z,y}, there are d[degpi2(z,y)]* pairs {a, b} € ( P”(”: y)), each of which satisfies

2

2
deg;, (a,b) # <02> degpis(z,y)(1 £ d2).

The pairs {x,y} and corresponding pairs {a,b} can be found in time O(n®).

(2) For a fixed {x,y} from Step 1, Algorithm A7 3 (cf. Fact 7.3) constructs, in time O(n?),
witnesses U}, ..., Up’ and WY, ..., WY of the (a?/¢, 61, R)-irregularity of Lg,. Over
all {z,y} from Step 1, we build a family of witnesses in time O(n®).

(3) Algorithm A7, (cf. Lemma 7.2) converts, in time O(n®), the witnesses U}, ..., Uz’
and WY, ..., WY, over all {z, y} from Step 1, into a witness Q, = (Q1,...,Q;) of the
(64, 7)-irregularity of H w.r.t. P.

We now establish the steps above, beginning with the first.

Step 1. We appeal to Statement (2)—(b) of Proposition 4.6, setting, in that context, 6 = dp.
Since H is (a, dp)-excessive w.r.t. P, Statement (2)—(b) of Proposition 4.6 guarantees at least

(with e < 1/¢)
5% @) W o (n\*. 0 .
b >
27"62’2( Iz 28€4< > 11504"

elements ({z,y},{a,b}) € Kg?%(PlQ) for which

a2\ 2 5135
deus,, 00 # (%) (o) (1222 ).

Our choice of 3 < 26%,/(27) in (111) then ensures that these elements also satisfy

a?

2
(118) degy, (a,b) # (£> |Npus(z,y)| (1 £ 6) .

These elements can be found in time O(n®). In the next two steps, we shall consider only those
elements ({z,y},{a,b}) for which

n
(119) %2 < degpz(z,y), degpis(2,y) < 253,
of which the (£71, ¢)-regularity of P2 and P! implies there must be at least (using e < 1/¢)
53 53
12 —4 4
(120) L T2

many. Using (119) and (120), a simple pigeon-hole calculation then shows that there must be
at least

53, , (1)
> §yn?
500" 2 o
pairs {z,y} € (‘gl), each of which has at least

(5%71 S 9% (53

2 (111) )
250 74 = 1000 [degPU(x y)] = 52[degp12(:z,y)]
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pairs {a,b} € (NPIQQ(x’y)) for which (118) holds. Let (‘gl)bad denote the set of these pairs {z,y},

and for each such {z,y}, let (Nplé(x’y))ba 4 denote its set of corresponding pairs {a, b}.

Step 2. Fix a pair {z,y} € (‘gl)bad' As in Fact 7.3, set 8 =a?, d = ¢ and ¢ = ¢/2 and set
F=1L,, G=P,y, U=Npu2(z,y), W =Npis(z,y).

Since the graph Py, is (1/f,&/?)-regular (cf. (41)) where ¢ < ¢? (see (117)), the graph G
is (d,¢)-regular. The set (NPlé(m’y))bad = (g)bad corresponds to a collection of dy|U|? pairs
{u,u'} € ((2]) for which

o’

degp(u,u') = degy, (u,u') # (€> |Npis(z,y)|(1 £ 82) = (Bd)2|W|(1 £ &).

By our choice of 41 in (112), R in (115) and ¢ in (115), Fact 7.3 applies to say that the graph
F = Ly, is (a2 /¢, 61, R)-irregular. Moreover, Algorithm A7 3 constructs, in time O(JU[2|W|) =
O(n?), witnesses UyY, ..., Up! CU and WY, ..., W5¥ C W of the (a?/, 61, R)-irregularity of
L,y In time O(n®), we repeat this process over all {z,y} € (‘gl)

Step 3. We apply Lemma 7.2 to ‘H, P and the collection of witnesses Uy, .. .,U;y and

WY, W over {z,y} € (‘gl)bad' To begin, we recall H and P are as in Setup 2.1 with
constants «, ¢ and e. Step 2 constructed witnesses UyY,...,UgY and Wi, ... . Wg¥ of the

(a?/0,61, R)-irregularity of Ly, for §;n? pairs {z,y} € (gl)bad. By our choice of 64 = ¢y

in (113) and (114) and ry = 7/, (19 and € < 'y (12) In (116) and (117), Lemma 7.2 applies
to say that H is (6a,7)-irregular w.r.t. P. Moreover, Algorithm Ay converts the witnesses
U, U and WY, 000 WEY over all {z,y} € (‘gl)bad, into a witness Q, = (Q1,...,Q;) of
the (94, r)-irregularity of H w.r.t. P.

7.3. Proof of Fact 7.3. For simplicity, we shall give an informal description of the constants.
Let 3,2 > 0 be given. Without loss of generality, we shall assume d5 < 3. Choose 0 < §1 < ds.
Let d > 0 be given. Set R = &3/d and choose 0 < ¢ < min{d,d;}. With these constants, let
F and G be given as in the hypothesis of Fact 7.3. We show that in time O(|U[?|W|), we may
construct witnesses Uy,...,Ugr C U and Wy,...,Wr C W against the (3d, 01, R)-regularity of
F.

Denote by U~ the set of vertices u € U for which degp(u) < Bd|W|(1—4d1). If [U™| > 6:|U],
then we are done. Indeed, we may take U; = U~ and W; = W so that the 1-tuple Uy, W1
satisfies |Up||Wi| > 61|U||W| but, by construction, [F' N (U; x W1)| < Bd|Up||[Wi|(1 — d1). As
such, F' is not (8d,d1,1)-regular, and therefore, not (5d,d1, R)-regular, and the witness Uy,
Wi is found in time O(|U||W|). In the remainder of the proof, we shall therefore assume
U] < &1|U].

Now, suppose that there exist d|U|? pairs {u,u'} € (g) for which

degp(u, u') # (Bd)*|W|(1 £ &2).

Then, at least (62/2)|U|? pairs must have codegree in F which is, say, too small, and these pairs
can be found in time O(|U|?|V|). We can then find a set Uy C U, |Up| > (62/4)|U|, so that for
each u € Uy, there exists a set U, C U, |Uy| > (d2/4)|U], so that for each v’ € U,,

degp(u, u') < (Bd)*|W|(1 — &2).
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Moreover, the set Uy and corresponding sets Uy, u € Uy, can be found in time O(|U|?). We show
that the graph F' cannot be (f3d, d1, R)-regular, and we shall construct a witness Uy, ..., U,
W1,...,Wg to this effect.

To this end, we find in time O(JU>|W|) a subset Ut = {u1,...,ur} C Uy \ U~ with the
property that for each 1 <i < j < R,

(121) deg (uj, uj) < 2d*|W|.

Indeed, it is well known from the (d, ¢)-regularity of G that all but 4¢|U|* pairs u;, u; sat-
isfy (121). Let I" be the graph of the pairs u;, u; not satisfying (121). Pick uy € Uy \ U™ to be
any vertex with degp(uy) < 3¢'/2|U|. There are at least

o)
Vol = 811U = 3¢2(U] > (2 5 - 3<1/2) U] >0

choices for uwy. If {u1,...,us—1} C Up \ U~ have already been chosen, ¢t — 1 < R, pick any
ut € Uo \ (U~ UUj<j<p1 Nr(wi)) with degp(ur) < 3¢Y2|U|. There are at least

5 5 1/2
]~ 801 -3~ DG 2101 -3¢ 2101 > (%~ - 3RC ) U] = (2 —5 - ) U]>0

choices for wu;.

We now give the promised witness. For each 1 < ¢ < R, let U; = U,,, where u; € Uy, and let
W; = Np(u;). This R-tuple was constructed in time O(|U|?|W|). We now verify that the R-
tuple is a witness for the (3d, d1, R)-irregularity of F'. To that end, we see by inclusion-exclusion
that

R
>N U Wil = > [(Ui x W) 0 (U x W)

i=1 1<i<j<R

=

(Ui x Wy)

i=1

For a fixed 1 < i < R, note that

526d 525d

Ui x Wi| = |Ui| degp(ui) = |Us| (Bd)[W[(1 = 61) =

UIWI(L—=61) >

Ul[w
and for a fixed 1 <i < j <R,

(U W) 1 (U x W) < |U] de (s, uy) < 202U W
As such, with R = 63/d and §; < §2 < 3, we have

R
UUxW

85 55
(122 > 22U(|W| - U W] > 20w > 61[U]|W].

To finish verifying the witness, note that implicit in the work above is the inequality

R
)| = BdIWI(L—61) > |Ui| — 85U [[W].
=1

R
(123) U (U; x W)
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We have, with §; < §; < 83,

R R R
FoalJ @i xw)| <> |Fn (U x W) Z degFuz, u')
i=1 i=1 i=1 u'el,
R
<Z D (BAPW(1 = b62) = (BA)[W|(1 = 62) Y |UI]
=1 v eU; =1
(123) ) HUil (Ui x W;)| + 5S|UHW|]
< (ﬁd) |W’<1 - 52) ﬁd|W|(1 — 51)
1— 6 581U "
= (d < > 1+ U, x W;
L= U, (U: x W) U( )

#(=) )
<ﬁd<1—> L_j Wi)| < Bd(1 - d1) G(UMW@')

= =1

This completes the proof.

[

2]
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